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Preface
I have been in love with mathematics all my life, ever since I
can remember myself. I had fervently been following primes
and irrationals, the harmony of forms, the geometric
elegance. Mathematics is an art. It sparks creativity. It elicits
a profound sense of beauty. Like music, poetry or painting,
mathematics is a language expressing the universe, revealing
truths that cannot be expressed in ordinary language.
Three years ago, the situation in war-torn Syria swept an
unprecedented wave of refugees to Greece. Cruelly
displaced, hundreds of thousands of people saw no end in
sight. Children had their education abruptly disrupted. I
created an educational platform -xeniusnet.org- and strove to
build bridges. I wanted to form a network connecting
newcomers to native students, facilitate their integration into
Greek society, support their education. During one of my
regular communications with Amir, a 12-year old boy that I
used to help with mathematics, we happened to discuss the
Pythagorean theorem. We stumbled upon a fascinating piece
of information in an article of National Geographic (Aug
2017) about the mathematical mystery of a small clay tablet,
Plimpton 322: the Babylonians, ancient inhabitants of Amir’s
now war-torn homeland, had invented a method for
generating Pythagorean triples a thousand years before
Pythagoras had even been born. All events relevant to the
ancient Babylonian tablet combined into what seemed as a
modern detective story.
Digging deeper into mathematical history, I discovered the
Babylonians’ connection to many other important
mathematical concepts still in use today. Babylonian
astronomers divided the sky into 360 degrees and were able
i

to predict the position of Jupiter, using a sophisticated
method which was previously thought to have been invented
at least 1400 years later in 14th-century Oxford. Such
discoveries change our ideas about how the Babylonians
worked and may have influenced Western science.
The mathematics of the Babylonians, however, was
empirical in nature; demonstrative mathematics first
appeared in the 6th century BCE with the Greeks, who greatly
advanced the methods and broadened the subject matter of
mathematics. What made Greeks the creators of
"mathematics", as the term is usually understood, was their
distinctive contribution in developing mathematics as a
theoretical discipline. This means two things: mathematical
statements are general and are confirmed by proof.
I soon realized the opposing and rather complementary
philosophies of the ancient civilizations that the Babylonians
and Greeks represent. Babylonians focused on the
phenomena, while the Greeks on the underlying order. Greek
thinkers brought the "full force of logical machinery" to the
discipline. Babylonians, on the other hand, employed more
instinct and intuition.
Fascinated by the crossing paths and aiming at strengthening
bonds between descendants of the people from the ancient
Mesopotamia, the “land between the Rivers”, and Greeks, I
imagined writing of the mathematical mysteries that troubled
Babylonians and Greeks thousands of years ago. As a
universal language, mathematics could overcome any
language barrier to establish the groundwork for the
community I long to form. I quickly found myself navigating
the paths of thought of the ancient mathematicians.
I hope that you will share my excitement through the pages
of the book you are holding in your hands.
Maria Angelika-Nikita
Athens, September 2018
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اليونانيون والسوريون والعراقيون يتمتعون بتاريخ طويل في
الرياضيات.
قرص الطين البابلي الذي يبلغ من العمر٣٧٠٠عام يعيدكتابة تاريخ
الرياضيات.

قرص بابل ييبلغ من العمر ٣٧٠٠عام في مكتبة الكتاب والمخطوطات النادرة في
جامعة كولومبيا في نيويورك

في اآلونة األخيرة ،قام الباحثون بتفكيك لغز لوحي من الطين الذي
يرجع تاريخه إلى  ٣٧٠٠عا ًما ،حيث كشف عن أنه أقدم وأدق جدول
مثلثات في العالم ،ربما استخدم في الكتابات الرياضية القديمة لحساب
كيفية بناء القصور والمعابد وبناء القنوات.
يظهر البحث الجديد أن البابليين وليس اإلغريق ،كانوا أول من درس
علم المثلثات ويكشف عن التطور الرياضي القديم الذي كان مخفيا ً حتى
اآلن .هناك أدلة قوية على أن البابليين كانوا على دراية بنظرية
فيثاغورس ،على الرغم من أنهم قد ال يكون لديهم أي شيء مماثل
إلثباته.
كانت األحداث المحيطة بالبحث تشبه إلى حد كبير قصة بوليسية حديثة.
لوح صغير يعرف بلمبتون ،٣٢٢موجود اآلن في المجموعة البابلية في
جامعة كولومبيا ،وقد تم اكتشافه في أوائل القرن العشرين في جنوب
العراق من قبل عالم اآلثار واألكاديمي والدبلوماسي وتاجر القطع
iii

األثرية إدجار بانكس ،الشخص الذي اقتبست منه الشخصية الخيالية
إنديانا جونز..
منذ اكتشاف هذا اللوح ،يحوم لغز ضخم حول استخدام الشفرة "المثلثية"
المكتوبة عليه.
يحتوي بليمتن ٣٢٢على أربعة أعمدة وخمسة عشر صفا من األرقام
المكتوبة عليه بالنص المسماري بإستخدام نظام أساس  ،٦٠أو النظام
الستيني .هو يصف أشكال المثلثات الصحيحة بإستخدام نوع جديد من
علم المثلثات على أساس النسب وليس الزوايا والدوائر.
ال يحتوي الجهاز اللوحي فقط على أقدم جداول المثلثات في العالم ،بل
يحتوي على الجداول المثلثية الدقيقة الوحيدة.
وذلك بسبب النهج البابلي المختلف جدا في الحساب والهندسة .مما
يجعل هذه المثلثات ذات أهمية كبيرة في عالمنا الحديث .ربما تكون
الرياضيات البابلية بعيدة عن الموضة منذ أكثر من  ٣٠٠٠عام ،لكن
من المحتمل أن تكون لها تطبيقات عملية في مجال المسح ورسومات
الكمبيوتر والتعليم.
بلمبتون٣٢٢هي واحدة من أفضل النصوص المسمارية الرياضية.
ألهمهذا النص الكثير من المنشورات ،ال سيما من قبل علماء الرياضيات
وعلماء الكمبيوتر الذين كانوا مفتونين بفكرة أن طريقة توليد "ثالثيات
فيثاغورس" قد تم اختراعها قبل أكثر من ألف عام قبل فيثاغورس.
أصبح هذا النص نوعًا من النموذج األصلي للرياضيات المسمارية،
على الرغم من حقيقة أن هذه الوثيقة غير نموذجية تما ًما .السياق
األثري للجهاز اللوحي غير معروف ،لكن األدلة الكتابية تظهر أنه يعود
إلى الفترة البابلية القديمة .يتم توجيه الجهاز اللوحي بتنسيق أفقي .الجزء
األيسر ،الذي يمثل حوالي ثلث الجهاز اللوحي األصلي مفقود .يحتوي
الوجه على جدول مكون من خمسة عشر صفا ً وأربعة أعمدة مع
عناوين ،الجانب اآلخر يحتوي فقط على استمرارية الخطوط العمودية
المرسومة على الوجه .تحتوي خاليا الجدول على أعداد كبيرة مكتوبة
على أساس النظام الستيني لتدوين قيمة المكان .يشير العنوان المحفوظ
إلى أن أرقام الجدول هي ما يعرف اليوم باسم "نظرية فيثاغورس"..
iv

المسارات القديمة للتفكير الرياضي
في فجر الحضارة ،اكتشف اإلنسان مفهومين رياضيين" :التعددية" و
"الفضاء" .انطوت الفكرة األولى على العد (من الحيوانات،واأليام ،وما
إلى ذلك) ،والثانية تضم مناطق وأحجام (من األراضي والمياه والغلة
الزراعية ،الخ) .تطورت هذه إلى فرعين رئيسيين للرياضيات :الحساب
والهندسة .كلمة "الحساب" مشتقة من الكلمة اليونانية""arithmosوتعني
"العدد" ،في حين أن كلمة "الهندسة" مشتقة من الجذور
اليونانية""geoوتعني "األرض" و""metreinبمعنى "قياس".
من الحرب والسالم إلى الحياة،والموت،والمال،والتجارة،والجمال،ترتبط
الرياضيات بكل جانب من جوانب حياتنا .لعب علماء الرياضيات
وأدواتهم وأفكارهم دورا ً أساسيا ً في بناء العالم الذي نعيش فيه.
وصلت الرياضيات القديمة إلى العالم الحديث إلى حد كبير من خالل
عمل اليونانيين في العصر الكالسيكي،واعتماد البناء على التقاليد البابلية
والمصرية .كانت رياضيات المصريين والبابليين تجريبية بطبيعتها.
ظهرت الرياضيات المبرهنة ألول مرة في القرن السادس قبل الميالد
مع اإلغريق.
كان هناك جدل حول المظهر األقدم للرياضيات ،حيث اقترح المؤرخون
مجموعة من التواريخ بين األلفية الخامسة والثالثة قبل الميالد .أول
أمثلة حية من الحسابات الهندسية والجبرية مستمدة من بابل ومصر في
حوالي  ١٧٥٠قبل الميالد .من بين االثنين ،بابل هي أكثر تقدما ،مع
مشاكل جبرية معقدة جدا تظهر على أقراص مسمارية.
في العصر الحديث مجمل العراق وسوريا أصبحا سهل مسطح شاسع
من الطين المجفف والمطحون ،والبني والخافت على رغم المحاوالت
إلنقاذ منطقة ما بين نهري دجلة والفرات .وصف اليونانيون هذه
المنطقة بـ "األرض بين األنهار" أو بالد ما بين النهرين .ترتبط بالد ما
بين النهرين بالثقافات القديمة مثل السومريين واآلشوريين واألكاديين
والبابليين .هذه الثقافات تتفاعل مع بعضها وتحكم بعضها البعض على
مدار عدة آالف من السنين .كان السومريون أول من طوروا حضارة
في المنطقة يعود تاريخها إلى  ٤٠٠٠سنة قبل الميالد .كانت بالد ما بين
النهرين مهد الحضارة ،حيث تم تطوير الزراعة والكتابة أوالً ،حيث
نمت القرى أوالً إلى مدن،والمدن إلىممالك،والممالك إلى إمبراطوريات.
ومع ذلك ،فإن معظم ما تم بناؤه هناك قد انهار منذ فترة طويلة إلى
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خراب ،ولم يترك سوى القليل من األسس التي يقوم عليها علماء اآلثار
حتى يختلوا.
منذ عام ٣٠٠٠قبل الميالد ،بدأت دول بالد ما بين النهرين من سومر
وأكاد وآشور باستخدام علم الحساب والجبر والهندسة ألغراض
الضرائب والتجارة ،وكذلك في مجال علم الفلك ،لصياغة التقويمات
ووقت التسجيل .إن تقسيمنا الزمني للساعة والدقيقة إلى ستين جز ًءا هو
ميراث مباشر لمبدأ يعود إلى بابل القديمة .منذ أكثر من ٤٠٠٠عام،
سجل التجار السومريون في بابل ونينوى فواتير وإيصاالت وسندات في
نص مسماري على ألواح طينية .ووضعت جداول الضرب وجداول
المعامالت المتبادلة،والمربعات،والمكعبات،وو اللوغاريتمواستخدمتها
لحساب الفائدة المركبة وتسديد الرهن العقاري.
أقدم النصوص الرياضية المتاحة هي من بالد ما بين النهرين ومصر.
كل هذه النصوص تذكر ما يسمى بثالثيات فيثاغورس وهكذا ،من خالل
االستدالل ،يبدو أن نظرية فيثاغورس هي التطور الرياضي األقدم
والواسع االنتشار بعد الحساب والهندسة األساسية.
بدأت دراسة الرياضيات باعتبارها "نظا ًما توضيحيًا" في القرن السادس
قبل الميالد مع فيثاغورس ،الذي صاغ مصطلح "رياضيات"
من""mathemaاليونانية القديمة ،أي "موضوع التعليم" .الرياضيات
اليونانية صقلت إلى حد كبير األساليب (ال سيما من خالل إدخال منطق
استنتاجي ودقة رياضية في البراهين) وتوسيع موضوع الرياضيات .ما
ً
مميزا لمساهمة اليونانيين في الرياضيات  -وما جعلهم في واقع
كان
األمر مبدعي "الرياضيات"  -كما يفهم المصطلح عادة  -هو تطوره
كنظام نظري .هذا يعني شيئين :العبارات الرياضية هي ويتم تأكيدها
بالدليل .على سبيل المثال ،كان لدى البابليين إجراءات للعثور على
أعداد صحيحة أ،ب،وج حيث (𝑎2 + 𝑏 2 = 𝑐 2على سبيل
المثال٣،٤،٥،؛٥،١٢،١٣؛ أو  .)١١٩،١٢٠،١٦٩من اليونانيين جاء دليال
على قاعدة عامة للعثور على كل هذه المجموعات من األرقام.
عالوة على ذلك ،يبدو أن البابليين قد فهموا أن مجموعات من هذه
األرقام aو bو cتشكل جانبي المثلثات الصحيحة ،لكن اليونانيين أثبتوا
هذه النتيجة ،وهذه البراهين تستخدم في عرض خصائص األشكال
الهندسية.
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وبعبارة بسيطة ،ركز البابليون على الظواهر ،واإلغريق على الترتيب
األساسي ،وهذا يعكس الفلسفات المتعارضة والمتكاملة إلى حد ما لتلك
الحضارات القديمة .يجلب المفكرون اليونانيون "القوة الكاملة لآلالت
المنطقية" إلى االنضباط .على الجانب اآلخر ،يستخدم البابليين مزيدًا
من الغريزة والحدس .في مصطلحات فلسفية واسعة (جدا) ،كان
البابليون تجريبيين،واإلغريق عقالنيين..
عالوة على ذلك ،في الرياضيات اليونانية ،هناك تمييز واضح بين
الهندسة والجبر .بشكل ساحق ،افترض اإلغريق وضع هندسي حيثما
أمكن .فقط في العمل األخير من ،Diophantusنرى الطرق الجبرية
للداللة .من ناحية أخرى ،افترض البابليون،تما ًما ،وجهة نظر جبريّة.
سمحوا بعمليات محظورة في الرياضيات اليونانية وحتى حتى القرن
السادس عشر من عصرنا .على سبيل المثال ،كانوا سيضاعفون
المناطق واألطوال بحرية ،مما يدل على أن الوحدات كانت أقل أهمية
في طرقهم في تحديد المجهول .فيالبداية ،كان التعبير الرياضي بالغي
ت الرمزية إلى األلفيْن األخيرين مع ،Diophantus
بشكل صارم .لم تأ ِ
ولم تكن ملحوظة حتى Vietaفي القرن السادس عشر .على سبيل
المثال ،كان تعيين المجهول هو الطول .وكان تحديد ساحة المجهول هو
المنطقة .في حل األنظمة الخطية ذات البعدين ،كانت المجهوالت تتمثل
بالطول والعرض .أما لألنظمة ذات ثالث أبعادكانت المجهوالتتتمثل
بالطول،واالتساع،والعرض.
العديد من المفاهيم الرياضية الهامة التي ال تزال قيد االستخدام ،بما في
ذلك تقسيم السماء إلى ٣٦٠درجة ،تم تطويرها من قبل علماء الفلك
البابليين القدماء ،الذين يمكنهم أيضًا التنبؤ بمواقف الكواكب باستخدام
الحساب .تحتوي األلواح المسمارية البابلية من  ٣٥٠إلى  ٥٠قبل
الميالد على حساب متطور لموقف المشتري .تعتمد الطريقة على تحديد
مساحة معين منحرف تحت الرسم البياني .كان يُعتقد سابقًا أن هذه
التقنية األنيقة قد تم ابتكارها بعد  ١٤٠٠عام على األقل في أكسفورد في
القرن الرابع عشر .يغير هذا االكتشاف المدهش أفكارنا حول كيفية
عمل علماء الفلك البابليين وربما أثروا في العلوم الغربية.
اعتمد النهج البابلي لعلم الفلك وتطور في علم التنجيم اليوناني والهالني.
تستخدم المصادر اليونانية الكالسيكية في كثير من األحيان مصطلح
الكلدان بالنسبة لعلماء الفلك في بالد ما بين النهرين ،الذين كانوا
يعتبرون كهنة ُكتّاب متخصصين في علم التنجيم وأشكال أخرى من
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الرجم بالغيب .وذكر بطليموس في كتابه المجسمي أن هيبارخوس قد
قام بتحسين القيم لفترات القمر المعروفة له من "علماء الفلك األقدم" من
خالل مقارنة مالحظات الكسوف التي أدلى بها في وقت سابق
"الكلدانيون" وحدهم .من الواضح أن هيبارخوس أكد فقط صحة
الفترات التي تعلمها من الكلدان من خالل مالحظاته الجديدة .من
الواضح أنهيبارخوسوبتلوميمن بعدهكان لديهم قائمة كاملة بشكل أساسي
من مالحظات الكسوف التي تغطي العديد من القرون ،والتي تم جمعها
من أقراص "diary":وهي عبارة عن ألواح من الطين تسجل كل
المالحظات ذات الصلة التي قام بها الكلدان بشكل روتيني .األمثلة
المحفوظة المكتوبة بألواح مسمارية يرجع تاريخها إلى  ٦٥٢إلى ١٣٠
قبل الميالد.
تقدم الكتابات القديمة دليالً على أن أفكارنا ومشاكلنا "الحديثة" قد
عايشها البشر منذ آالف السنين  -وهذا إدراك مذهل .الكتابة المسمارية
للسومريين هي أقدم أشكال الكتابة في العالم .هناك دليل على
أنالهيروغليفية المصرية يرجع تاريخها إلى  75سنة على األقل .من
خالل المسمارية نسمع أصوات ليس فقط من الملوك وكتابهم،
ولكنمناألطفال،والمصرفيين،والتجار،والكهنة  ،والمعالجين  -النساء
وكذلك الرجال .من المثير للدهشة قراءة رسائل األشخاص اآلخرين،
خاصة عندما يبلغون  ٤٠٠٠سنة ويكتبون بخط أنيق ودقيق.
السومريون ،عن طريق خدش بعض رموز مسك الدفاتر على األلواح
الطينية منذ  ٥٠٠٠عام ،بدأوا دون قصد عهدًا جديدًا تما ًما في التاريخ.
قصة الرياضيات قديمة قدم البشرية نفسها .منذ العصور القديمة ،كانت
الرياضيات أساسية للتقدم في العلوم والهندسة والفلسفة .لقد تطورت من
العد البسيط،والقياس،والحساب ،والدراسة المنهجية ألشكال وحركات
األشياء المادية ،من خالل تطبيق التجريد  ،والخيال  ،والمنطق  ،إلى
االنضباط الواسع والمعقد والمجرد الذي نعرفه اليوم .من عظام اإلنسان
المبكر إلى التقدم الرياضي الذي أحدثته الزراعة في بالد ما بين
النهرين ومصر والتطورات الثورية لليونان القديمة
وإمبراطوريتهاالهلنستية ،قصة الرياضيات هي قصة طويلة ومثيرة
لإلعجاب
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A 3700-year-old Babylonian clay tablet
rewrites the history of Mathematics

A 3700-year-old Babylonian tablet held in the Rare Book and
Manuscript Library at Columbia University in New York

Recently, a 3700-year-old Babylonian clay tablet
mystery was cracked by researchers, revealing it is the
world's oldest and most accurate trigonometric table,
possibly used by ancient mathematical scribes to
calculate how to construct palaces and temples and build
canals. The new research shows that Babylonians, not
Greeks, were the first to study trigonometry and reveals
an ancient mathematical sophistication that had been
hidden until now. There is substantial evidence that the
Babylonians were aware of the Pythagorean theorem,
even though they may not have had anything similar to
a proof.
The events surrounding the research read much like a
modern detective story. Known as Plimpton 322, the
small tablet, which is now in the Babylonian collection
at Columbia University, was discovered in the early
1900s in southern Iraq by archaeologist, academic,
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diplomat, and antiquities dealer Edgar Banks, the person
who inspired the fictional character Indiana Jones. Since
its discovery, a huge mystery has surrounded what the
“triangular” code written on it was used for.
Plimpton 322 describes the shapes of right triangles
using a novel kind of trigonometry based on ratios, not
angles and circles. The tablet contains the world's oldest
and only completely accurate trigonometric table. This
makes it greatly relevant in the modern world. Although
Babylonian mathematics have been out of fashion for
more than 3000 years, they may have practical
applications in surveying, computer graphics, and
education.

Tablet Plimpton 322 is amongst the best known mathematical
cuneiform texts. It inspired a lot of publications, especially by
mathematicians and computer scientists who were fascinated
by the idea that a method for generating "Pythagorean triples"
was invented more than a thousand years before Pythagoras
had even been born. The text became an archetype of cuneiform
mathematics, even though the document is extremely atypical.
The archaeological context of the tablet is unknown, but,
according to epigraphic evidence, it dates to the Old-Babylonian
period. The tablet is oriented in landscape format. The left part,
which represents about a third of the original tablet, is lost. The
obverse contains a table of fifteen rows and four columns with
headings, and the reverse only contains the continuation of the
vertical lines drawn on the obverse. The cells of the table contain
large numbers written in sexagesimal place value notation. The
preserved heading indicates that the numbers of the table are
what is known today as the "Pythagorean theorem".

2

THE ANCIENT PATHS OF MATHEMATICAL
THINKING
At the dawn of civilization, two mathematical concepts
were discovered: "multiplicity" and "space". The former
involved counting (of animals, days, etc.) and the latter
referred to areas and volumes (of land, water, crop yield,
etc.). These notions evolved into two major branches of
mathematics: arithmetic and geometry. The word
“arithmetic” is derived from the Greek word “arithmos”
meaning "number", while the word “geometry" is also
derived from the Greek roots “geo" meaning “earth" and
“metrein" meaning “measure".
From war and peace to life, death, money, trade, and
beauty, mathematics connects to every aspect of our
lives. Mathematicians, their tools and ideas have played
a fundamental role in building the world we live in.
Ancient mathematics has reached the modern world
largely through the work of Greeks in the classical
period, building on the Babylonian and Egyptian
tradition. The mathematics of the Egyptians and the
Babylonians was empirical in nature; demonstrative
mathematics first appeared in the sixth century with the
Greeks.
The earliest appearance of mathematics is a subject of
debate, with historians supporting a range of dates
between the 5th and 3rd millennia BCE. The first
surviving examples of geometrical and algebraic
calculations derive from Babylon and Egypt in about
1750 BCE. Of the two, Babylon is far more advanced,
with quite complex algebraic problems featuring on
cuneiform tablets.
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Much of modern day Iraq and Syria is a vast flat plain
of dried and cracked mud, brown and desolate save for
where the Tigris and Euphrates rivers snaked through;
Greeks called this area "the Land between the Rivers,"
or Mesopotamia. Associated with Mesopotamia are
ancient cultures like the Sumerians, Assyrians,
Akkadians, and Babylonians. These cultures interacted
with and ruled each other over the course of several
thousand years. The Sumerians were the first to develop
a civilization in the region dating back to 4000 BCE.
Mesopotamia was the cradle of civilization, where
farming and writing were first developed, where
villages first grew into cities, cities into kingdoms, and
kingdoms into empires; yet most of what was built there
has long since crumbled into ruin, leaving little but
foundations for archaeologists to puzzle over.
From 3000 BCE the Mesopotamian states of Sumer,
Akkad, and Assyria began using arithmetic, algebra,
and geometry for purposes of taxation, commerce,
trade, as well as in the field of astronomy, to formulate
calendars and record time. Our own time division of the
hour and the minute into sixty parts is a direct
inheritance of a principle which goes back to Ancient
Babylon. Over 4,000 years ago, the Sumerian merchants
of Babylon and Nineveh used cuneiform script to record
bills, receipts, and promissory notes on clay tablets.
They created multiplication tables and tables of
reciprocals, squares, cubes, and exponentials, which
they used to calculate compound interest and mortgage
repayments.
The most ancient mathematical texts available are from
Mesopotamia and Egypt. All mention the so-called
Pythagorean triples. By inference, the Pythagorean
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theorem appears to be the most ancient and widespread
mathematical concept following basic arithmetic and
geometry.
The study of mathematics as a "demonstrative
discipline" began in the 6th century BCE with the
Pythagoreans, who coined the term "mathematics" from
the ancient Greek “mathema”, which meant "subject of
instruction". Greek mathematics greatly advanced the
methods (mainly through the introduction of deductive
reasoning and mathematical rigor in proofs) and
broadened the subject matter of mathematics. What, in
effect, made Greeks the creators of "mathematics", as
the term is usually understood, was their distinctive
contribution in developing Mathematics as a theoretical
discipline. This means two things: mathematical
statements are general and are confirmed by proof. For
example, the Babylonians had procedures for finding
whole numbers a, b, and c for which 𝑎2 + 𝑏 2 = 𝑐 2 (e.g.,
3, 4, 5; 5, 12, 13; or 119, 120, 169). From the Greeks
came a proof of a general rule for finding all such sets
of numbers. Further, the Babylonians seemingly
understood that sets of such numbers a, b, and c form
the sides of right triangles, but the Greeks proved this
result, with proofs belonging to the context of a
systematic presentation of the properties of plane
geometric figures.
To put it simply, the Babylonians focused on the
phenomena, while the Greeks on the underlying order,
and this reflects the opposing and rather complementary
philosophies of these ancient civilizations. Greek
thinkers bring the "full force of logical machinery" to
the discipline. Babylonians, on the other hand, employ
more instinct and intuition. In (very) broad
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philosophical terms, the Babylonians were empiricists,
the Greeks rationalists.
Moreover, in Greek mathematics, there is a clear
distinction
between
geometry
and
algebra.
Overwhelmingly, the Greeks opted for a geometric
position wherever possible. Only in the later work of
Diophantus, are there any algebraic methods of
significance. On the other hand, the Babylonians
assumed, just as definitely, an algebraic viewpoint.
They allowed operations that were forbidden in Greek
mathematics and even until the 16th century of our own
era. For example, they would freely multiply areas and
lengths, demonstrating that the units were of less
importance. Their methods of designating unknowns,
however, do invoke units. At first, mathematical
expression was strictly rhetorical. Symbolism did not
come for another two millennia with Diophantus, and
not significantly until the 16th century with Vieta. For
example, the unknown was designated as length. The
square of the unknown was designated as area. In
solving two-dimensional linear systems, the unknowns
were length and breadth, and for three-dimensional
systems, they were length, breadth, and width.
Many important mathematical concepts that are still in
use, including the division of the sky into 360 degrees,
were developed by Ancient Babylonian astronomers,
who could also predict the positions of the planets using
arithmetic. Babylonian cuneiform tablets from 350 to 50
BCE contain a sophisticated calculation of the position
of Jupiter. The method relies on determining the area of
a trapezium under a graph. This elegant technique was
previously thought to have been invented at least 1400
years later in 14th-century Oxford. This surprising
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discovery changes our ideas about how Babylonian
astronomers worked and may have influenced Western
science.
The Babylonian approach to astronomy was adopted
and further developed in Greek and Hellenistic
astrology. Classical Greek sources frequently use the
term Chaldeans when referring to the astronomers of
Mesopotamia, who were considered as priest-scribes
specialized in astrology and other forms of divination.
Ptolemy stated in his Almagest that Hipparchus had
improved the values for the Moon's periods known to
him from "even more ancient astronomers" by
comparing eclipse observations made earlier by "the
Chaldeans" and by himself. Apparently, Hipparchus
only confirmed the validity of the periods he learned
from the Chaldeans using his newer observations. It is
clear that Hipparchus (and Ptolemy after him) had an
essentially complete list of eclipse observations
spanning many centuries, which had been compiled
from the "diary" tablets - clay tablets recording all
relevant observations that the Chaldeans routinely
made. Preserved examples written in cuneiform tablets
date from 652 to 130 BCE.
Ancient writings prove that human beings have been
experiencing our “modern” ideas and problems for
thousands of years – an always fascinating realization.
The Sumerians' cuneiform writing is the oldest form of
writing in the world; there is evidence of their pre-dating
Egyptian hieroglyphics by at least 75 years. Cuneiform
reflects the voices not only of kings and their scribes,
but also of children, bankers, merchants, priests, and
healers – of women as well as men. It is fascinating to
read other people's letters, especially when they are
7

4,000 years old, written in such elegant and delicate
script. The Sumerians, by scratching out a few
bookkeeping symbols on clay tablets 5,000 years ago,
unknowingly sparked a whole new era in history.
The story of mathematics is nearly as old as that of
humanity itself. Since antiquity, mathematics has been
crucial to progress in science, engineering, and
philosophy. It has evolved from plain counting,
measurement, calculation, and systematic study of the
shapes and motions of physical objects, through the
application of abstraction, imagination, and logic, to the
broad, complex, and often abstract discipline it is known
as today. From the notched bones of the early human to
the advances brought about by settled agriculture in
Mesopotamia and Egypt and the revolutionary
developments in ancient Greece and its Hellenistic
empire, the story of mathematics is a long and
astounding one.
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PART I: BABYLONIAN MATHEMATICS
1. Basic facts
1.1 Mesopotamian civilization
Mesopotamia was an ancient region located east of the
Mediterranean Sea, bounded by the Zagros Mountains
in the northeast and the Arabian Plateau in the
southeast. It mainly corresponds to modern-day Iraq,
but also to parts of modern-day Iran, Syria, and Turkey.
It is often considered as the cradle of civilization
because some of the most influential early city-states
and empires first emerged there. Its modern name
originates from the Greek words for middle - "mesos"
- and river—"potamos"-, literally meaning a "country
between two rivers." The two rivers are the Tigris and
Euphrates.
Belonging to the larger Fertile Crescent, Mesopotamia
was one of the first places to develop agriculture. This
along with its position at the crossroads of the Egyptian
and Indus Valley civilizations made Mesopotamia a
melting pot of languages and cultures that stimulated a
lasting impact on the world's literature, trade,
astronomy, science, law, and philosophy.
Mesopotamia saw its earliest emergence of civilization
in the Neolithic Age and constituted an important part
of the Ancient Near East during the Bronze and Iron
Age. Following the collapse of the Neo-Babylonian
Empire, Mesopotamia fell under Persian and then
Greek rule. Associated with Mesopotamia are ancient
cultures like the Sumerians, Assyrians, Akkadians, and
Babylonians. These cultures interacted with and ruled
over each other over the course of several thousand
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years. Power changed hands multiple times throughout
the ancient history of Mesopotamia.
The Sumerians were the first to develop a civilization
in the region, dating back to 4000 BCE. They built
entire cities with homes and temples decorated with
artistic pottery and mosaics in geometric patterns. They
drained marshes for agriculture, developed trade, a
legal system, administration, and even a postal service,
while they also established industries, such as weaving,
leatherwork, metalwork, masonry, and pottery.
Sumerians are credited with the incredibly important
invention of the wheel (3500 BCE), initially in the form
of the potter's wheel. This new concept quickly led to
wheeled vehicles and mill wheels. Additionally, vast
public works, including irrigation canals and
embankment fortifications, were completed by that
time. Such constructions were necessary because of the
nature of the geography combined with the need to feed
a large population, if a large civilization was to
flourish. The first true city states arose in Sumeria,
roughly contemporaneously with similar entities in
what is now Syria and Israel.
The Sumerians were amongst the earliest formal
astronomers, correctly conceiving a heliocentric view
of the solar system, to which they assigned five planets
(all that can be seen with the naked eye). They
developed the first known writing system - a
pictographic system known as cuneiform script, using
wedge-shaped characters inscribed on baked clay
tablets. Additionally, they developed a counting
system with 60 as its base.
Around 2300 BCE the Akkadians invaded the region,
and for some time the more underdeveloped culture of
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the Akkadians blended with the more progressive
culture of the Sumerians. The Akkadians invented the
abacus as a tool for counting and developed somewhat
clumsy methods of arithmetic with addition,
subtraction, multiplication, and division. The
Sumerians, however, revolted against the Akkadian
rule and were back in control in 2100 BCE.

Figure 1.1: A map of the area where Mesopotamian civilization
flourished

By around 2000 BCE, the Babylonian civilization had
replaced that of the Sumerians. The Babylonians were
a Semitic people. They invaded Mesopotamia after
defeating the Sumerians and by about 1900 BCE had
established their capital at Babylon -its location is
about 56 miles south of modern Baghdad.
The Mesopotamian civilizations are often referred to as
Babylonian, though this is not correct. Actually,
Babylon was not the first great city, even though the
entire civilization is called Babylonian. Even during its
existence, Babylon was not always the center of
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Mesopotamian culture. The region, at least the one
between the Tigris and Euphrates rivers, is also called
Chaldea.
1.2 Cuneiform - A new means of communication
During the latter half of the 4th millennium BCE, the
birth of cities and the idea of a state fostered a complex
new social order in Mesopotamia, which led to the
invention of a novel means of communication. Indeed,
the first form of writing appeared in the city-states
around 3300 BCE. The eponymous site of this
invention was the southern city of Uruk, situated in the
heart of the region referred to as the "Land of Sumer"
in later texts. The Sumerians had come up with an
abstract form of writing using cuneiform symbols. All
that was needed for writing was a reed and some clay,
both of which were freely available in the rivers
alongside the Mesopotamian cities where cuneiform
was used (modern Iraq and eastern Syria). The word
cuneiform comes from the Latin "cuneus", for wedge,
and means “wedge-shaped”. It refers to the shape
formed each time by a scribe pressing his stylus (made
from specially cut reed) into the clay. The use of a
stylus on a clay medium was what led to the appearance
of cuneiform symbols, since it was impossible to draw
curved lines. The later Babylonians followed the same
style of cuneiform writing on clay tablets. This system
of cuneiform writing was the fundamental
characteristic and unifying factor of Mesopotamian
civilization for almost 3,000 years.
Laws and tax accounts, were imprinted on soft clay
tablets and were then baked in the hot sun or in ovens.
Centuries after the invention of cuneiform, the practice
of writing expanded beyond debt/payment certificates
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and inventory lists and was employed, for the first time
in 2600 BCE, for messages, mail delivery, history,
mathematics, astronomical records, and other pursuits
mainly corresponding to the fields occupying teachers
and students ever since. Accordingly, the first formal
schools were established, usually under the auspices of
a city-state's primary temple. Most tablets could
comfortably fit in the palm of a hand – like mobile
phones today – and were only used for a short time:
maybe a few hours or days at school, or a few years for
a letter, loan or account.
Approximately 5,000 labels and tablets of clay, and in
some cases of stone, were unearthed in the southern
city of Uruk, starting in the late 1920s. Scattered
archives of the same period were discovered further
north, mainly at Habuba Kabira and Tell Brak (Syria),
the region covered by the civilization of Uruk. The
wide geographic zone over which these pieces are
spread is proof that writing was diffused through one
large historical current of civilization, which it defined.
In one region, the site of ancient Nippur, some 50,000
tablets have been unearthed. Many university libraries
host extensive collections of cuneiform tablets. For
example, the largest collections from the Nippur
excavations are held in Philadelphia, Jena, and
Istanbul.
In total, at least 500,000 tablets have been excavated to
date, of which only approximately 30,000–100,000
have been read or published. The largest collection is
held by the British Museum (c. 130,000), followed by
the Vorderasiatisches Museum Berlin, the Louvre, the
Istanbul Archaeology Museums, the National Museum
of Iraq, the Yale Babylonian Collection (c. 40,000),
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and Penn Museum. Even still, it is estimated that the
bulk of existing tablets is still buried in the ruins of
ancient cities.
Deciphering cuneiform succeeded the Egyptian
hieroglyphics. The cuneiform writing system is not an
alphabet, and it doesn't have letters. Instead, it uses
between 600 and 1,000 characters to write words (or
parts of them) or syllables (or parts of them). Many of
the tablets concern fascinating topics such as the
irrigation systems of the early civilizations in
Mesopotamia:
"It was an important task for the rulers of Mesopotamia
to dig canals and maintain them because canals were
not only necessary for irrigation but also useful for the
transport of goods and armies. The rulers or high
government officials must have ordered Babylonian
mathematicians to calculate the number of workers
and days necessary for building a canal and the total
expenses for the wages of the workers. There are
several Old Babylonian mathematical texts in which
various quantities concerning the digging of a canal
are requested. They are YBC 4666, 7164, and VAT
7528, all of which are written in Sumerian …, and
YBC9874 and BM 85196, No. 15, which are written in
Akkadian … From the mathematical point of view,
these problems are comparatively simple …"
1.3 Mathematics
Sumerian mathematics were initially developed mainly
as a response to bureaucratic needs that rose when their
people settled and developed agriculture (possibly as
early as the 6th millennium BCE). Mathematics was
used for the measurement of plots of land, the taxation
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of individuals, etc. The Sumerians and Babylonians
also needed to describe quite large numbers in charting
the course of the night sky and developing their
sophisticated lunar calendar.
Sumerians were perhaps the first who assigned
symbols to groups of objects in order to simplify the
description of greater numbers. They moved from the
use of separate tokens or symbols for representing
sheaves of wheat, jars of oil, etc. to the more abstract
use of symbols for representing specific numbers of
anything. As early as the 4th millennium BCE,
Sumerians began using a small clay cone to represent
one, a clay ball for ten, a large cone for sixty (Fig. 1.2).
During the third millennium, these objects were
replaced by cuneiform equivalents so that numbers
could be written with the same stylus as words in a text.
A primitive model of the abacus was probably being
used in Sumeria from as early as 2700 - 2300 BCE.
Frequently, the term Babylonian mathematics (also
known as Assyro-Babylonian mathematics) is used to
describe the range of numeric and more advanced
mathematical practices developed or practiced by the
people of Mesopotamia from the days of the early
Sumer to the fall of Babylon in 539 BCE.
The Sumerians and Babylonians invented and
developed arithmetic using different number systems,
including a mixed radix-system of alternating base 10
and base 6. Using this sexagesimal system, they
invented the clock with its 12 hours and 60 minutes in
an hour and the 12-month calendar which is still in use.
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Figure1.2: Sumerian Clay Cones

In mathematics, the Sumerians and Babylonians were
advanced:
 Their mathematical notation was sexagesimal but
positional
 They admitted more general fractions, though not all
fractions
 They could approximately extract square roots
 They could solve linear systems
 They employed Pythagorean triples
 They used tables to solve cubic equations
 They studied circular measurement
The Babylonian “mathematical texts” come to us in the
form of clay tablets, usually about the size of a hand.
The majority of recovered clay mathematical tablets
date from 1800 to 1600 BCE and are generally of two
types: table texts and problem texts.
Table texts are tables of values for some purpose, such
as multiplication tables, weights and measures tables,
reciprocal tables, etc. Recovered tablets give squares of
the numbers up to 59 and cubes of the numbers up to
32, as well as tables of reciprocals. The second class of
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tablets is concerned with the solutions or methods of
solution to algebraic or geometrical problems. The
Babylonians knew advanced mathematical tricks. In
geometry, for instance, Babylonian mathematicians
appear to have been aware of the Pythagorean Theorem
long before Pythagoras and to be able to calculate the
area of a trapezoid. One of the Babylonian tablets,
Plimpton 322, which dates from between 1900 and
1600 BCE, contains tables of Pythagorean triples. The
Babylonian tablet YBC 7289 gives an approximation
to the square root of 2, accurate to three significant
sexagesimal digits (seven significant decimal digits).
Babylonians also estimated π to 3.125, very close to the
now-accepted value of 3.14. In algebra, they apparently
had the means to solve quadratic equations and
perhaps even higher-order cubic equations.
Many of the table texts are "school texts", written by
apprentice scribes, while some tablets contain up to
two hundred problems, of gradually increasing
difficulty, which were used for teaching purposes.
Apart from teaching, tables were the Babylonians most
outstanding accomplishment which helped them in
calculating problems.
These tablets are of utmost significance in the scope of
Babylonian mathematics. However, when looking at
them, we should be cautious not to read into
mathematics ideas which are clear to us today, yet were
not in the mind of the author. Conversely, we should
be careful not to underestimate the significance of the
mathematics simply because it was produced by
mathematicians who thought very differently from
modern mathematicians.
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2. The Babylonian number system
2.1 Sexagecimal system
The first recorded number system appeared between
5000 and 4000 BCE in Mesopotamia and was invented
by the Sumerians. Instead of the base 10 (decimal)
number system we use now, the Sumerian system was a
unique base 60 or sexagecimal system, which could be
counted physically using the twelve knuckles on the one
hand and the five fingers on the other hand. Although
the Sumerian system was advanced, it never recognized
zero as a number. Moreover, no set placeholders for
numbers like 60, 605, or 10,500 were agreed upon.
The Babylonian civilization replaced the Sumerian and
the Akkadian civilizations in Mesopotamia. Regarding
their number system, the Babylonians inherited ideas
from these earlier civilizations. Thus, they adopted the
sexagesimal system, but they took it some steps further.
The Babylonian system was positional — the value of a
symbol depended on its position relative to other
symbols. This was undoubtedly the Babylonian's
greatest achievement in terms of developing the number
system and probably their most significant achievement
in mathematics. Additionally, using a character that
resembled two wedged lines placed perpendicular to
each other, the Babylonian number system finally found
a placeholder for the zeroes in numbers like 60, 605, and
10,500. Although they filled a numerical column that
zero now occupies, the Babylonians never thought of
zero as a number of its own.
When considering that the Babylonian number system
was sexagecimal, one may think that they must have had
to learn a lot of special number symbols. This
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observation is based on knowledge of our decimal
system, a positional system with nine special symbols
and a zero symbol that denotes an empty place.
However, instead of having to learn ten symbols as in
the decimal system, the Babylonians only had to learn
two symbols for their base 60 positional system.
a) The number 1 was symbolized by a wedge pointing
down. Any number less than 10 was made by
combining the appropriate number of units 1.
Example: Decimal number 4
b)

The number 10 was symbolized by a wedge
pointing left. Decades up to 50 were made by
combining the appropriate number of 10 symbols.
Example: Decimal number 20

c)

Numbers less than 60 were made by combinations
of the symbols of 1 and 10.
Example: Decimal number 47

d)

As with our base 10 numbering system, the
Babylonian numbering system utilized units, i.e.,
tens, hundreds, thousands.
Example: Decimal number 64

Representations of larger numbers are given below.
Example: Decimal number 79883
(22 ∙ 602 ) + (11 ∙ 60) + 23
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Example: Decimal number 5222006
(24 ∙ 603 ) + (10 ∙ 602 ) + (1 ∙ 60) + 2

Figure 2.1: The 59 symbols built from “1” and “10” in the
Babylonian number system

Thus, although the Babylonian system was a positional
base 60 system, it encompassed some aspects of a base
10 system. The 59 numbers, which go into one of the
places of the system, were composed of a “unit” symbol
and a “ten” symbol. Babylonian advances in
mathematics were mainly facilitated by two properties
of their number system.
Firstly, the number 60 is a superior highly composite
number; it has factors of 1, 2, 3, 4, 5, 6, 10, 12, 15, 20,
30, 60 (including those that are composite themselves),
thus facilitating calculations with fractions. Secondly,
unlike the Egyptians and Romans, the Babylonians had
a true place-value system, where digits written in the left
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column represented larger values (similar to our decimal
system, 154 = 1 ∙ 100 + 5 ∙ 10 + 4 ∙ 1).
2.2 Positional system
As mentioned above, the Babylonian system was a
positional number system. This meant that a convention
was necessary to regulate which end of the number
would represent the units. For example, the decimal
number 12345 represents
1 ∙ 104 + 2 ∙ 103 + 3 ∙ 102 + 4 ∙ 10 + 5

This convention is perhaps illogical since we read from
left to right. Consequently, we do not know the value of
the first digit until we have read the entire number to
find out how many powers of 10 are associated with the
first place. The Babylonian sexagesimal positional
system places numbers following the same convention,
so the rightmost position is for units up to 59, the
position one to the left is for 60 ∙ n, where 1 ≤ 𝑛 ≤ 59,
etc.
Let’s adopt the following notation to write a
sexagesimal number,
𝑑𝑛 , … 𝑑3 , 𝑑2 , 𝑑1 , 𝑑0 = 𝑑𝑛 ∙ 60𝑛 + ⋯ + 𝑑3 ∙ 603 +
𝑑2 ∙ 602 + 𝑑1 ∙ 60 + 𝑑0 ,

(1)

where 𝑑1 , 𝑑2 , 𝑑3 , 𝑑4 , … 𝑑𝑛 are integers.
For example, 1,57,46,40 represents the sexagesimal
number
1 ∙ 603 + 57 ∙ 602 + 46 ∙ 60 + 40,

which is 424,000 in decimal notation.
Given the above positional convention, positional faults
(ambiguities) may still arise. For example,
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Figure 2.2: 1,57,46,40 in Babylonian numerals

≺≺= 2
= 10 · 60 + 1
= 10 · 602 + 10 = 3, 610

(2)

= 10 + 10/60
= 20

….
The above ambiguities result from two basic facts:
 There is no “gap” designator.
 There is a true floating point whose location can
only be determined by context.
In the above example, number 2 is represented by two
characters each symbolizing one unit. Number 61 is
represented by one character for a unit in the first place
and a second identical character in the second place.
Thus, the Babylonian sexagesimal numbers 2 and 1,1
have essentially the same representation. However, this
was not a problem as the spacing of the characters
allowed distinction. In the symbol for the number 2, the
two characters that represent the unit touch each other,
combining into a single symbol. In the number 1,1,
however, there is a space between them. Although
Babylonians did not have a symbol for zero, they did
employ the concept of zero. In order to express zero,
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they would leave a blank space in the number they were
writing.
A much more serious problem lay in the fact that there
was no zero to put into an empty position (e.g., at the
end of the number). For example,
≺= 1
≺ = 1 · 60

(3)

In the above example, the sexagesimal numbers 1 and
1,0, namely 1 and 60 in the decimal system, had exactly
the same representation and, this time, there was no way
that spacing could help. It was the context that made it
clear. Later Babylonian civilizations did invent a
symbol for an empty place.
To write "60", they put a single wedge mark in the
second place of the numeral.
For "120", they would put two wedge marks in the
second place.

Likewise, an empty place in the middle of a number
produced problems. Sexagecimal numbers 1,1 and
1,0,10, that is decimal numbers 61 and 3,610, had the
same representation, as it can be seen from example (1).
If we were to assume that all our decimal digits are
equally likely in a number, there is a one in ten chance
of an empty place. For Babylonians, with their
sexagesimal system, the possibility was one in sixty.
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Concerning empty places in the middle of numbers, we
can look at an actual cuneiform tablet (actually AO
17264 in the Louvre collection in Paris) on which the
calculation to find the square of 147 is carried out. In
sexagesimal 147 is 2,27 and squaring it gives the
number 21,609 = 6,0,9.

Figure 2.3: The Babylonian example of 2,27 squared (cuneiform
tablet AO 17264 in the Louvre collection)

Perhaps the scribe left a little more space between the 6
and the 9 than he would have if he were representing
6,9. Later, the Babylonians realized that it was
convenient to have a placeholder to signal something
was absent. With the new character, they marked the
absence of the 60s. Thus, zero became part of their
numerals, but it was a marker rather than a number in its
own that could be added and multiplied. It is important
to note that early Greek, Chinese, and Egyptian
civilizations had no concept of the number zero.
2.3 Fractions
If the empty space was causing a problem with integers,
then there was an even bigger problem when it came to
Babylonian sexagesimal fractions. The Babylonians had
a system of sexagesimal fractions similar to our decimal
fractions. Let’s use the following notation to denote a
sexagesimal number with a fractional part,
𝑑

𝑑

𝑑1 ; 𝑑2 , 𝑑3 , 𝑑4 , … = 𝑑1 + 602 + 6032 + ⋯,
where 𝑑1 , 𝑑2 , 𝑑3 , 𝑑4 , … are integers.
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(4)

For example, if we write 0.125 in our decimal system,
1
2
5
1
then this is 10 + 100 + 1000 = 8. A fraction of the form
a/b, in its lowest form, can be written as a finite decimal
fraction if and only if b has no prime divisors other than
2 or 5. So 1⁄3 cannot be represented as a finite decimal
fraction. Likewise, the Babylonian sexagesimal fraction
7
30
0;7,30 represented
+
which, written in our
60
3600
1
notation, again is ⁄8 .
Number 60 is divisible by the primes 2, 3 and 5. This
means that a number of the form a/b, in its lowest form,
can be written as a finite decimal fraction if and only if
b has no prime divisors other than 2, 3 or 5. Therefore,
more fractions can be represented as finite sexagesimal
fractions than can as finite decimal fractions.
Let’s consider the following example. Using the
notation defined in (4), the sexagecimal 10,12,5;1,52,30
represents the number
10 ∙ 602 + 12 ∙ 60 + 5 +

1
52
30
+ 2+ 3
60 60
60

which in our decimal notation is 36725 1⁄32. Remember,
however, that we used the notation of the semicolon
introduced in (4), to demonstrate where the integer part
ends for the fractional part to begin. This is the
"sexagesimal point" and plays an analogous role to a
decimal point. However, the Babylonians did not have
a notation to indicate where the integer part ended and
the fractional part started. This fact introduced a great
deal of ambiguity which could not be resolved by “the
context”. If one writes 10,12,5,1,52,30 without having a
notation for the “sexagesimal point” then it could mean
any of the following numbers:
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0;10,12, 5, 1,52,30
10;12, 5, 1,52,30
10,12; 5, 1,52,30
10,12, 5; 1,52,30
10,12, 5, 1;52,30
10,12, 5, 1,52;30
10,12, 5, 1,52,30
in addition, of course, to 10, 12, 5, 1, 52, 30, 0 or 0 ; 0,
10, 12, 5, 1, 52, 30 etc.

Figure 2.4: Cuneiform mathematical tablet

2.4 Why the sexagecimal system
There is no apparent reason as to why the Babylonians
used a number system with the rather unwieldy base of
60. Theon of Alexandria, a commentator of the 4th
century CE, tried to answer this question, while many
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historians of mathematics have also offered an opinion
since then. According to Theon, it was possibly selected
in the interest of metrology: i.e. numbers 1, 2, 3, 4, 5, 6,
10, 12, 15, 20, and 30 are all divisors of 60. Remnants
still exist today with time and angular measurement.
Several theories have been formulated for the
Babylonians choosing the base of 60. For example:
 The number of days, 360, in a year led to the
subdivision of the circle into 360 degrees, and the
fact that the chord of one-sixth of a circle is equal to
the radius prompted the natural division of the circle
into six equal parts. Thus, base 60 is more intuitive
than base 10 when calculating arcs of a circle. This,
in turn, made 60 a natural unit of counting.
 Twelve was a significant number for the Sumerians,
and later for the Babylonians. It was the number of
lunar cycles in a year and the number of
constellations of the (Mesopotamian) Zodiac. The
division of the day into 12 hours and of an hour into
60 minutes originated from their sexagecimal
system.
 The base 60 was a convenient way to express
fractions from a variety of systems, thus facilitating
the conversion of weights and measures. According
to historians, a decimal counting system was
modified to base 60 to allow division of weights and
measures into thirds. It is known that the system of
weights and measures of the Sumerians did use 1⁄3
and 2⁄3 as basic fractions. However, one would
argue that the system of weights and measures was
a consequence of the number system rather than vice
versa.
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 The number 60 is the product of the number of
planets (5 known at the time) by the number of
months in the year (12).
All the above explanations attempt to give a plausibility
argument based on some particular aspect of the
Sumerian society. Having witnessed the evolution of
various systems in recent years, historians believe that a
certain arbitrariness may be at work. To create a number
system and make it apply to an entire civilization must
have been the result of a political system of high power
and centralization. We need only consider the failed
American attempt to go metric beginning in 1971.
According to historians, there may have been competing
systems of measurement in Sumeria and the base 60 was
chosen as a compromise. The Sumerian civilization
must have resulted from the joining of two peoples, one
of whom had base 12 for their counting, while the other
had base 5. Although 5 is not as common as 10 as a
number base among ancient peoples, it is not
uncommon and is conveniently used by people who
counted on the fingers of one hand and then started
again. A similar theory has been proposed, with the
difference that the two peoples who mixed to produce
the Sumerians had 10 and 6 as their number bases. This
version is more prevalent, as there is a natural unit for
10 in the Babylonian system which may be a remnant of
the earlier decimal system.
An interesting theory concerning the reason behind the
adoption of a sexagecimal system involves the origin of
counting within the Sumerian civilization, just as 10
became a base in other civilizations that began counting
on their fingers, and 20 became a base for those who
counted on both their fingers and toes. A possible theory
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is outlined below. One can count up to 60 using their
two hands. On the left hand, there are three parts on each
of four fingers (excluding the thumb), which are defined
by the corresponding joints. Accordingly, by pointing to
one of the twelve parts of the fingers of the left hand
with one of the five fingers of the right hand, one can
count up to 60.
3. Arithmetic - Tables to aid calculation
Perhaps the most amazing aspect of the Babylonians'
calculating skills was their construction of tables to
assist calculation. There is evidence of the development
of a complex system of metrology in Sumeria from
about 3000 BCE,
multiplication and reciprocal
(division) tables, tables of squares, square roots, and
cube roots, geometrical exercises, and division
problems from around 2600 BCE and onwards.
Two tablets, dating from 2000 BCE, were found at
Senkerah on the Euphrates in 1854 and list the squares
of numbers up to 59 and the cubes of numbers up to 32.
The Babylonians used the lists of squares along with the
following formulae to simplify multiplication,
(𝑎 + 𝑏)2 − 𝑎2 − 𝑏 2
𝑎𝑏 =
2
2
(𝑎 + 𝑏) − (𝑎 − 𝑏)2
𝑎𝑏 =
4
The above formulae show that a table of squares is all
that is necessary to multiply numbers.
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Division, however, was a harder process. The
Babylonians did not have an algorithm for long division,
so, instead, they based their method on the fact that
𝑎
1
=𝑎∙
𝑏
𝑏
All they needed was a table of reciprocals. We still have
their reciprocal tables of numbers up to several billion.
These tables are, of course, written in their numerals,
but using the sexagesimal notation. Thus, the first part
of one of their tables would look like:
2
3
4
5
6
8
9
10
12
15
16
18
20
24
25
27

0; 30
0; 20
0; 15
0; 12
0; 10
0; 7, 30
0; 6, 40
0; 6
0; 5
0; 4
0; 3, 45
0; 3, 20
0; 3
0; 2, 30
0; 2, 24
0; 2, 13, 20

The table had gaps, as 1⁄7 , 1⁄11 , 1⁄13, etc. are not finite
base 60 fractions. However, the Babylonians could
compute 1⁄13 ; they wrote
1⁄ = 7⁄ = 7 ∙ (1⁄ ) = (𝑎𝑝𝑝𝑟𝑜𝑥)7 ∙ (1⁄ )
13
91
91
90
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and these values, like 1/90, were contained in their tables.
In fact, there are glimpses of the Babylonians realizing
that division by 7 produces an infinite sexagesimal
fraction. A scribe would write a number close to 1⁄7 and
then make comments such as “… an approximation is
given since 7 does not divide.”
4. Babylonian algebra
Later Babylonian tablets (from 1800 to 1600 BCE)
cover varied topics including algebra, methods for
solving linear, quadratic, and some cubic equations, as
well as the calculation of regular reciprocal pairs (pairs
of numbers whose product is 60). One Babylonian tablet
gives an approximation of √2 accurate to an astonishing
five decimal places. Others contain tables of compound
interest, while another table provides an estimate for π
of 3 1⁄8 (3.125, close to the real value of 3.1416).
4.1 Calculating square roots
The Babylonian clay tablet YBC 7289 (c. 1800–1600
BCE) contains an approximation of √2 in four
sexagesimal figures, 1 24 51 10, accurate to
approximately six decimal digits, and is the best
possible three-place sexagesimal representation of √2:
1 + 24/60 + 51/602 + 10/603 = 1.41421296.

The tablet also gives an example of a square whose one
side is 30 and resulting diagonal is 42 25 35 or
42.4263888...
The Yale tablet YBC 7289 described is part of the Yale
Babylonian collection, an extensive collection of tablets
held in Yale University. The tablet and its significance
have been the topic of multiple discussions and debates.
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The subject of the Yale tablet YBC 7289 is immediately
apparent. Carved on it is a diagram of a square with 30
on one side and the diagonals drawn in, while near the
center 1,24,51,10 and 42,25,35 appear.

30
1, 24, 51, 10
42, 25, 35

The Yale tablet
Figure 4.1: Diagram of the YBC 7289 Yale tablet

Of course, these numbers are written using Babylonian
numerals, in base 60. Babylonian numbers, however,
are always ambiguous and there is no indication to
separate the integer part from the fractional part.
Assuming
that
the
first
number
is
1; 24,51,10, converting it to a decimal yields
1.414212963, while √2 is equal to 1.414213562.
Calculating 30 × [ 1; 24,51,10 ], gives 42; 25,35, the
second number on the Yale tablet. The diagonal of a
square of side 30 is equal to the product of 30 multiplied
by the approximation to √2. This indicates a fine
understanding of Pythagoras’ theorem.
However, the most significant question is how the
Babylonians found this remarkably good approximation
of √2. It seems that they got the approximation of √2
either by
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 applying the method of the mean, or
 applying the approximation
𝑏
2𝑎
Several authors conjecture that the Babylonians used the
method of the mean. They produced tables of squares,
on which their whole understanding of multiplication
was based, so maybe a more obvious path for them
would be to make two guesses, one high and one low,
say a and b. Take the average of the two numbers
(𝑎 + 𝑏)/2 and then square it. If the square is greater
than 2, replace b by this better bound, and, if the square
is less than 2, replace 𝑎 by (𝑎 + 𝑏)/2. Continue with
this algorithm.
√𝑎2 ± 𝑏 ≈ 𝑎 ±

Of course, this takes many more steps in order to reach
the sexagesimal approximation 1; 24,51,10. For
example, starting with 𝑎 = 1 and 𝑏 = 2 takes 19 steps,
as shown in Table 1.
However, the Babylonians were not hesitant in
computing and were probably willing to continue with
this simple calculation until the answer was correct to
the third sexagesimal place.
An alternative approach is based on a method equivalent
to Heron’s method. According to this suggestion, they
started with a guess, say x. They then found 𝜀 = 𝑥 2 − 2
which is the error. Then,
(𝑥 − 𝜀/2𝑥)2 = 𝑥 2 − 𝜀 + (𝜀/2𝑥)2 = 2 + (𝜀/2𝑥)2
and they got a better approximation since, if ε is small,
then (𝜀/2𝑥)2 will be even smaller. Continuing the
process with this better approximation of √2, yields a
still better approximation and so on. In fact, when
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Table 1: Approximation of the square root of 2 using the method
of the mean
step

Decimal

sexagesimal

1

1.500000000

1;29,59,59

2

1.250000000

1;14,59,59

3

1.375000000

1;22,29,59

4

1.437500000

1;26,14,59

5

1.406250000

1;24,22,29

6

1.421875000

1;25,18,44

7

1.414062500

1;24,50,37

8

1.417968750

1;25, 4,41

9

1.416015625

1;24,57,39

10

1.415039063

1;24,54, 8

11

1.414550781

1;24,51;30

12

1.414306641

1;24,51;30

13

1.414184570

1;24,51; 3

14

1.414245605

1;24,51;17

15

1.414215088

1;24,51;10

16

1.414199829

1;24,51; 7

17

1.414207458

1;24,51; 8

18

1.414211273

1;24,51; 9

19

1.414213181

1;24,51;10

starting with x = 1, only two steps of the algorithm are
necessary to obtain the approximation 1; 24,51,10.
This claim is certainly possible, further strengthened by
the Babylonians' understanding of quadratics. However,
there is no evidence that the algorithm was employed in
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any other cases and its use in this one must remain no
more than a relatively remote possibility.
4.2 Solving equations
Apart from arithmetical calculations, Babylonian
mathematicians developed algebraic methods of solving
equations, which were once again, based on precalculated tables.
Linear equations
Babylonians would again look up a table to solve the
linear equation 𝑎𝑥 = 𝑏. They would consult the
reciprocals table to find 1/𝑎 and then multiply this
sexagesimal number by b. An example of such a
problem is the following. Let’s suppose that a scribe
writes: 2/3 of 2/3 of a certain quantity of barley is
taken, 100 units of barley are added, and the original
quantity is recovered. The quantity of barley is
requested. The solution given by the scribe involves
computing 0;40 times 0;40 to get 0;26,40. Subtracting
this from 1;00, gives 0;33,20. Look up the reciprocal of
0;33,20 in a table to get 1;48. Multiplying 1;48 by 1,40,
yields the answer 3,0. It is, however, not easy to
understand these calculations unless translated into
modern algebraic notation. We have to solve
2/3 ∙ 2/3𝑥 + 100 = 𝑥
which is equivalent to solving (1 – 4/9)𝑥 = 100 ,
which explains the above-described procedure followed
by the scribe.
Quadratic equations
The concept of square numbers and quadratic equations
(where the unknown quantity is multiplied by itself, e.g.
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𝑥 2 ) arose naturally in the context of the measurement of
land. Babylonian mathematical tablets hold the earliest
evidence of the solution of quadratic equations. The
Babylonian approach to solving them was usually based
on a kind of geometric game of slicing up and
rearranging shapes, while the use of algebra and
quadratic equations does also appear. Some of the
examples we have retrieved, seem to indicate problemsolving for its own sake rather than with the aim to
resolve a concrete, practical problem.
The Babylonian method for solving quadratics
essentially revolves around completing the square,
although the method(s) were not as "clean" as the
modern quadratic formula, since the Babylonians only
allowed positive solutions. Thus, equations were always
set in a form for which there was a positive solution.
Negative solutions (indeed negative numbers) were not
to be allowed until the 16th century CE.
The rhetorical method for writing a problem does not
require variables. As such problems have a somewhat
intuitive feel, anyone could understand the problem.
However, without the proper tools, the solution was
impossibly difficult. Undoubtedly, this rendered a sense
of mystery to the mathematician.
To solve a quadratic equation, the Babylonians
substantially used the standard quadratic formula. They
considered two types of quadratic equations, namely,
𝑥 2 + 𝑏𝑥 = 𝑐 and 𝑥 2 + 𝑏𝑥 = 𝑐
where b, c were positive numbers, not necessarily
integers. The form of their solutions was, respectively,
𝑥 = √[(𝑏/2)2 + 𝑐] − (𝑏/2)
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and
𝑥 = √[(𝑏/2)2 + 𝑐] + (𝑏/2)
and they could efficiently find square roots through
division and averaging. They always used the positive
root, as this was what made sense in "real" problems.
Such problems included finding the dimensions of a
rectangle of given area and the amount by which the
length exceeds the width. The width satisfies a quadratic
equation; then they would apply the first version of the
above formula.
A problem written on an old Babylonian tablet states
that the area of a rectangle is 1,0 and that its length is
greater than its breadth by 7. The equation
𝑥 2 + 7𝑥 = 1,0
is, of course, not given by the scribe. He calculates the
answer as follows. Compute half of 7, that is 3;30.
Square it to get 12;15. The scribe adds 1,0 to this and
gets 1;12,15. Taking its square root (from a table of
squares), gives 8;30. Subtracting 3;30 from this, gives
the answer 5 for the breadth of the triangle. It is apparent
that the scribe has solved an equation of the type
𝑥 2 + b𝑥 = c
by using
𝑥 = √[(𝑏/2)2 + 𝑐] − (𝑏/2).
Historians present thirteen typical examples of
problems leading to quadratic equations taken from old
Babylonian tablets.
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Cubic equations
As problems involving the area of rectangles lead to
quadratic equations, problems that involve the volume
of a rectangular excavation (a "cellar") lead to cubic
equations. The first known attempt to set up and solve
cubic equations is the clay tablet BM 85200+, which
contains 36 such problems. Of course, the Babylonians
did establish a method or general formula for solving
cubics. This was to be found over three thousand years.
They managed to solve cubic equations that have
positive solutions. However, the form of the equation
was tightly restricted. For example, solving 𝑥 3 = 𝑎, was
accomplished using tables and interpolation. Mixed
cubic equations of the form
𝑎𝑥 3 + 𝑏𝑥 2 = 𝑐
could be solved with the aid of tables for 𝑛3 + 𝑛2 . It is
important to remember that this is modern notation and
nothing similar to symbolic representation existed in
Babylonian times. Despite that, the Babylonians could
handle numerical examples of such equations with the
help of rules. This indicates that they did have a grasp
of the concept of a typical problem of a certain type, as
well as a typical method to solve it. For example, in the
above case, the Babylonians would (in our notation)
multiply the equation by 𝑎2 and divide it by 𝑏 3 to get
(𝑎𝑥/𝑏)3 + (𝑎𝑥/𝑏)2 = 𝑐𝑎2 /𝑏 3 .
For 𝑦 = 𝑎𝑥/𝑏 the following equation is yielded,
𝑦 3 + 𝑦 2 = 𝑐𝑎2 /𝑏 3
which could now be solved by referring to the 𝑛3 + 𝑛2
table to find the value closest to the right-hand side. As
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soon as a solution for y was found, y, then x was found
by 𝑥 = 𝑏𝑦/𝑎. The Babylonians accomplished this
without algebraic notation, exhibiting a remarkably
deep understanding, extraordinary manipulative skills,
as well as great maturity and flexibility of algebraic
skills.
Linear systems
Linear systems were solved in a particularly intelligent
way, by reducing a problem of two variables to one
variable, following some sort of elimination process,
vaguely reminiscent of Gaussian elimination.
5. Growth in Babylonian mathematics
Babylonians were able to represent exponential growth,
constrained growth (via a form of sigmoid functions),
and doubling time in the context of interest on loans.
Clay tablets dating from c. 2000 BCE include the
following exercise. "Given an interest rate of 1/60 per
month (no compounding), compute the doubling time."
This yields an annual interest rate of 12/60 = 20%, and
thus a doubling time of 100% growth/20% growth per
year gives 5 years.
6. Pythagorean theorem in Babylonian mathematics
Certainly the Babylonians were familiar with the
Pythagorean theorem. The Yale tablet YBC 7289
described in section 4, contains an approximation to √2
along with the computation of the diagonal of a square
of side 30 which is found by multiplying 30 by the
approximation to √2. This shows a nice understanding
of Pythagoras’ theorem.
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A Babylonian tablet preserved in the British museum
reads as follows:
4 is the length and 5 the diagonal. What is the width?
Its size is not known.
4 times 4 is 16.
5 times 5 is 25.
You take 16 from 25 and there remains 9.
What times what shall I take in order to get 9?
3 times 3 is 9.
3 is the width.
In the following, we present three important Babylonian
tablets, namely Plimpton 322, the Susa tablet, and the
Tell Dhibayi tablet, which are in some way connected
to Pythagorean theorem. These tablets date back to
roughly the same period, between 1900 BCE and 1600
BCE, when the Old Babylonian Empire flourished in
Mesopotamia.
Plimpton 322 belongs in the collection of G.A. Plimpton
held in Columbia University. The top left hand corner is
damaged, while there is a large chip out of the tablet
around the middle of its right hand side. It is thought to
be part of a larger tablet, the remainder of which has
been destroyed. At first, it was thought, as such tablets
often are, to be some record of commercial transactions.
However, historians gave a new interpretation and since
then the tablet has become the subject of great interest.
The famous and controversial tablet suggests that the
Babylonians may have known the secret of right-angled
triangles (the square of the hypotenuse equals the sum
of the squares of the other two sides) centuries before
the Greek Pythagoras. Plimpton 322 appears to list 15
perfect Pythagorean triangles with whole number sides,
although some historians claim that these were merely
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academic exercises, not deliberate manifestations of
Pythagorean triples.
The Susa tablet was unearthed at the present town of
Shush in the Khuzistan region of Iran. Shush is about
350 km away from the ancient city of Babylon.
Historians had identified it as an important
archaeological site as early as 1850, but excavations
were not carried out until much later. The particular
tablet investigates how to calculate the radius of the
circumscribed circle of an isosceles triangle.
Finally, the Tell Dhibayi tablet was amongst about 500
tablets discovered near Baghdad in 1962. Most of these
tablets, that date from around 1750 BCE, are related to
the administration of an ancient city which flourished
during the time of Ibalpiel II of Eshunna. However, the
Tell Dhibayi tablet presents a geometrical problem
which asks for the dimensions of a rectangle given its
area and diagonal.
6.1 The Plimpton 322
Let’s have a closer look at Plimpton 322 tablet. The
tablet has carved on it a table with four columns and
fifteen rows. The last column gives the row number -1,
2, 3,…, 15. The remarkable fact, pointed out by
historians, is that in each row, the square of the number
c in the third column minus the square of the number b
in the second column is a perfect square.
𝑐 2 − 𝑏 2 = 𝑎2
Therefore, the Plimpton 322 tablet is a list of
Pythagorean integer triples. The numbers in the two
middle columns of the tablet represent the short side b
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Figure 6.1: The Plimpton 322 tablet.

(with 𝑎 > 𝑏) and hypotenuse c for a series of right
triangles. The leftmost column lists the ratios (𝑐/𝑎)2 —
or possibly (𝑏/𝑎)2 , depending on whether the entries
there start with a "1" or not (the break along the left edge
makes it ambiguous). This is also the column that
provides the organizing principle: The ratios decrease
from top to bottom, beginning (in decimal system) at
(1).9834 and ending at (1).3872 (see Fig. 6.2). Note that
𝑐 2

they are listed decreasing cosecant, 𝑐𝑠𝑐 2 𝐴 = (𝑎) .
An interesting fact is that the tablet contains a few
errors, transcription errors made so many centuries ago.
How did the Babylonian mathematicians determine
these triples? Why were they listed in this order?
Assuming they knew the Pythagorean relation 𝑎2 +
𝑏 2 = 𝑐 2 and dividing by 𝑏 one gets
𝑎 2
𝑐 2
( ) + 1 == ( )
𝑏
𝑏
2
𝑢 + 1 = 𝑣2
(𝑣 − 𝑢)(𝑣 + 𝑢) = 1
42

Choose 𝑢 + 𝑣 and find 𝑣 − 𝑢 in the table of
reciprocals. For example, if we consider 𝑣 + 𝑢 =
2; 15, then 𝑣 − 𝑢 = 0; 26,60. By solving for 𝑢 and 𝑣,
we get 𝑢 = 0; 54,10 and 𝑣 = 1; 20,50.
By multiplying by an appropriate integer one clears the
fraction and gets 𝑎 = 65, 𝑐 = 97. So 𝑏 = 72. This
is line 5 of the Plimpton 322 tablet (Fig. 6.2). It is
tempting to think that there were known general
principles, similar to a theory, but only tablets of
specific numbers and worked problems have been
discovered.
The first column is harder to understand, especially
since damage to the tablet means that part of it is
missing. However, using the above notation, the first
column is just (𝑐/𝑎)2. But there are much easier
Pythagorean triples than the ones written on Plimpton
322. For example, the triple 3, 4, 5 does not appear and
neither does 5, 12, 13. In fact, the smallest Pythagorean
triple that appears is 45, 60, 75 (15 times 3, 4, 5). In
addition, the rows do not appear in any logical order
other than that the numbers in column 1 decrease
regularly. The actual puzzle then is how the numbers
were found and why these particular Pythagorean triples
are given in the table. It has been shown that the tablet
contains the features of right triangles with base angle
ranging from 45º down to around 30º.
However, not all historians agree that this tablet
concerns Pythagorean triples. Some claim that the tablet
is connected with the solution of quadratic equations
and has nothing to do with Pythagorean triples. Other
historians believe that Plimpton 322 was created as a
teacher’s aid, designed for generating problems that
involve right triangles and reciprocal pairs. A reciprocal
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A

c
b

C

a

B
(c/a)2

b

c

(1).9834

119

169

1

(1).9416

3367

11521* (4825)

2*

(1).9188

4601

6649

3

(1).8862

12709

18541

4

(1).8150

65

97

5

(1).7852

319

481

6

(1).7200

2291

3541

7

(1).6928

799

1249

8*

(1).6427

541

769

9*

(1).5861

4961

8161

10

(1).5625

45

75

11

(1).4894

1679

2929

12

(1).4500

25921

289

13*

(1).4302

1771

3229

14

(1).3872

56

53

15*

(1).3692

175

337

16

Figure 6.2: Decimal conversion of Plimpton 322. The first column
is rounded to 4 decimal places. Row 16 does not appear on the
tablet. One may notice the mistakes (made by the author of
Plimpton 322) in the rows marked with asterisks.
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pair consists of two numbers whose product is a power
of 60. In a way then, Plimpton 322 would have served
as a piece of an early textbook. An ancient teacher
would work off of stone tablets with patterns and
problems instead of the hardcover books, paper
worksheets, or iPad technology that teachers use today.
Much has been discussed on the subject of Plimpton
322, including some speculation as to whether the tablet
could have served as an early trigonometrical table. But
historians point out that the tablet must always be
viewed in terms of methods familiar or accessible to
scribes at the time.
6.2 The Susa tablet
The Susa tablet contains a problem about an isosceles
triangle of sides 50, 50 and 60. It asks to find the radius
of the circumscribed circle (Fig. 6.3).
Here we have labelled the vertices A, B, C of the triangle
and the center O of the circle O. The perpendicular 𝐴𝐷
is drawn to meet the side BC. Since the triangle ABD is
a right angled triangle, by Pythagoras’ theorem, 𝐴𝐷2 =
A

O
C

D

B

The Susa tablet

Figure 6.3: A diagram of the Susa tablet
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𝐴𝐵 2 – 𝐵𝐷2 , so 𝐴𝐷 = 40. Let the radius of the circle
𝐴𝐵 2 – 𝐵𝐷2 , so 𝐴𝐷 = 40. Let the radius of the circle
be x. Then 𝐴𝑂 = 𝑂𝐵 = 𝑥 and 𝑂𝐷 = 40 – 𝑥. Using
the Pythagorean theorem again on the triangle OBD we
have 𝑥 2 = 𝑂𝐷 2 + 𝐵𝐷2 . So
𝑥 2 = (40 − 𝑥)2 + 302
6.3 The Tell Dhibayi tablet
Finally, consider the problem written on the Tell
Dhibayi tablet. This asks for the sides of a rectangle of
area 0;45 whose diagonal is 1;15. For us today, this is
quite a simple exercise in solving equations. If the sides
are x and y, we have 𝑥𝑦 = 0.75 and 𝑥 2 + 𝑦 2 = (1.25)2 .
Substituting 𝑦 = 0.75/𝑥 into the second equation, we
obtain a quadratic in 𝑥 2 which can easily be solved.
However, this is not the solution given by the
Babylonians, not surprising since this method stands on
our modern algebraic understanding of equations. The
solution on the Tell Dhibayi tablet is actually much
more interesting than our method, as explained below.
We preserve the modern notation x and y for clarity, but
we do the calculations in sexagesimal notation (as does
the tablet).
Compute 2𝑥𝑦 = 1; 30.
Subtract it from 𝑥 2 + 𝑦 2 = 1; 33,45 to get
𝑥 2 + 𝑦 2 − 2𝑥𝑦 = 0; 3,45.
Take the square root to obtain 𝑥 – 𝑦 = 0; 15.
Divide by 2 to get (𝑥 – 𝑦)/2 = 0; 7,30.
Divide 𝑥 2 + 𝑦 2 − 2𝑥𝑦 = 0; 3,45 by 4 to get
𝑥 2 /4 + 𝑦 2 /4 − 𝑥𝑦/2 = 0; 0,56,15.
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Add 𝑥𝑦 = 0; 45 to get
𝑥 2 /4 + 𝑦 2 /4 + 𝑥𝑦/2 = 0; 45,56,15.
Take the square root to obtain (𝑥 + 𝑦)/2 = 0; 52,30.
Add (𝑥 + 𝑦)/2 = 0; 52,30 to (𝑥 – 𝑦)/2 =
0; 7,30 to get 𝑥 = 1.
Subtract (𝑥 – 𝑦)/2 = 0; 7,30 from (𝑥 + 𝑦)/2 =
0; 52,30 to get 𝑦 = 0; 45.
Thus, the rectangle's sides are 𝑥 = 1 and 𝑦 = 0; 45.
This beautiful piece of mathematics is 3750 years old!
7. Babylonian geometry
The Babylonians incorporated geometric shapes in their
buildings and designs, as well as in the dice they used
for their favorite leisure games, such as the ancient game
of backgammon. Their geometry extended from the
calculation of the areas of rectangles, triangles, and
trapezoids, to the calculation of volumes of simple
shapes such as bricks and cylinders (although not
pyramids). Babylonians were aware of the common
rules for measuring volumes and areas. Babylonian
texts usually approximated 𝜋 ≈ 3, sufficient accuracy
for their architectural projects (also reflected in the
description of Solomon's Temple in the Hebrew Bible).
Thus, they measured the circumference of a circle as
three times its diameter and the area as one-twelfth the
square of the circumference. The Babylonians were
however aware that this was merely an approximation.
One Old Babylonian mathematical tablet discovered
near Susa in 1936 (dated from between 1900 and 1600
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BCE) offers a better estimate of π as 25/8 = 3.125,
about 0.5% below the exact value.
The volume of a cylinder was measured as the product
of the base and the height. However, the volume of the
frustum of a cone or of a square pyramid was incorrectly
thought equal to the product of the height and half the
sum of the bases. The Babylonians also knew example
cases for the Pythagorean theorem, as already discussed.
There are many geometric problems in the cuneiform
texts. The ancient Babylonians had known of theorems
concerning the ratios of the sides of similar triangles for
many centuries, but lacked the concept of an angle
measure, and, consequently, studied the sides of
triangles instead. The Babylonians were aware that: (i)
the altitude of an isosceles triangle bisects the base, (ii)
an angle inscribed in a semicircle is a right angle.
The "Babylonian mile" was a measure of distance equal
to about 11.3 km (or about seven modern miles). This
measurement for distances was eventually converted to
a "time-mile" for measuring the travel of the Sun,
therefore, representing time.

Figure 7.1: Babylonian clay tablets from c. 2100 BCE showing a
problem concerning the area of an irregular shape
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8. Babylonian astronomy
Babylonian astronomers thoroughly recorded the rising
and setting of stars, the motion of the planets, and the
solar and lunar eclipses, all of which required great
familiarity with angular distances measured on the
celestial sphere. They also employed some form of
Fourier analysis to compute ephemeris (tables of
astronomical positions), which was discovered in the
1950s by historians.
Tablets found in the British Museum hold evidence that
the Babylonians even had a concept of objects in an
abstract mathematical space. According to recent
findings, ancient Babylonian astronomers were able to
track Jupiter’s movement across the sky using a very
advanced method, graphing the planet’s velocity over
time. These Babylonian mathematicians used a
sophisticated geometric method for estimating the area
under a curve by drawing a trapezoid underneath, in
order to accurately predict the distance Jupiter would
travel in 60 days (half the planet’s 120-day arc of
visibility from Earth). The trapezoid methods offer the
first evidence for the use of geometrical methods in
Babylonian mathematical astronomy, which was thus
far viewed as operating exclusively with arithmetical
concepts. The tablets date from between 350 BCE to 50
BCE, fifteen centuries before a similar discovery was
made in Europe.
It is not surprising that Babylonian astronomers took an
interest in tracking the movement of Jupiter, since they
regarded it as a celestial manifestation of Marduk, their
patron god. The ancient Babylonians believed
everything that happened on Earth was connected to
what was happening in the sky. According to science
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historians, they thought that if they were able to predict
the motion of Jupiter, they would also be able to predict
the price of grain, the weather, the level of the river
Euphrates. The purpose of all this refined Babylonian
astronomy was astrology.
Since the rediscovery of the Babylonian civilization, it
has become evident that Greek and Hellenistic
mathematicians and astronomers, in particular
Hipparchus, borrowed greatly from the Babylonians.
The Babylonians referred to all periods in synodic
months, probably because their calendar was lunisolar.
Various relations to annual phenomena led to different
values for the length of the year.
Similarly,
relationships between the periods of the planets were
known. Relations that Ptolemy attributes to Hipparchus
in Almagest had all already been in use in predictions
carved on Babylonian clay tablets. This knowledge was
discovered by the Greeks probably shortly after the
conquest by Alexander the Great (331 BCE) who
ordered the translation of the historical astronomical
records. What Hipparchus likely did is transform these
records to the Egyptian calendar, which has a fixed year
of always 365 days (12 months of 30 days and 5 extra
days): this makes computing time intervals much easier.
Other traces of Babylonian practices in Hipparchus'
work are:


the earliest known Greek use of the division of the
circle into 360 degrees of 60 arc minutes,



the first consistent use of the sexagesimal number
system.
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PART II: GREEK MATHEMATICS
1. Basic facts
Aristotle, Metaphysics
– theoretical vs. productive knowledge
"At first he who invented any art whatever that went
beyond the common perceptions of man was naturally
admired by men, not only because there was something
useful in the inventions, but because he was thought
wise and superior to the rest. However, as more arts
were invented, and some were directed to the necessities
of life, others to recreation, the inventors of the latter
were naturally always regarded as wiser than the
inventors of the former, because their branches of
knowledge did not aim at utility. Hence when all such
inventions were already established, the sciences which
do not aim at giving pleasure or at the necessities of life
were discovered, [...] So [...], the theoretical kinds of
knowledge [are thought] to be more the nature of
Wisdom than the productive."
1.1 Mathematics as a discipline - Analytical methods
The study of mathematics as a discipline began in the
6th century BCE when the Pythagoreans derived the
word mathematics. Ancient Greek philosophers reached
an understanding of nature and its essential order. They
were drawn to the similarities and differences of natural
objects and patterns. Thus, they readily embraced
mathematics for its ability to describe the natural,
especially as geometric patterns. Ancient Greeks shaped
the way we think about mathematics. Through the
concept of proof, they showed that mathematics isn't
just about performing calculations but is rather a way of
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understanding and testing the reality of the world around
us. The sign above Plato's academy was said to have
read: let no one ignorant of geometry enter here. The
great Archimedes was even killed by a soldier because
he refused to leave a proof unfinished. Influenced
initially by the Babylonians and the Egyptians, Greek
mathematicians would push on to make breakthroughs
such as Pythagoras' theorem of right-angled triangles.
By focusing on the abstract, they brought clarity and
precision to age-old mathematical problems. Two
hundred years after Pythagoras, Euclid perfected the
way of writing proofs. With just a few basic
assumptions, axioms, Euclid was able to prove many
other mathematical results. He compiled these results
into a remarkable book called the Elements. His proofs
are as true today as when they were first written and
have laid the foundation of modern mathematics.
Older civilizations, such as the Egyptians and the
Babylonians, had relied on inductive reasoning, using
repeated observations to establish rules of thumb. The
concept of proof and the deductive method of using
logical steps to prove or disprove theorems from
initially assumed axioms was a hugely important
contribution of the Greeks to world thought and to all
practical subjects depending on that intellectual basis,
from geometry to engineering, astronomy to design. It
is this idea of proof that granted mathematics its power
and established the systematic approach to mathematics
of Euclid and those who succeeded him.
The suitability of mathematics to analytical methods
was also of great significance. By introducing deductive
reasoning and rigor in proofs, Greeks refined analytical
methods giving them a formalized structure. Owing to
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mathematics’ efficient, precise, and exacting nature,
they viewed it as having the absolute purpose to
describe and record aspects of the observed natural
world and universe. This fit seamlessly with the Greeks'
objective for accuracy. That mathematics could be
studied itself, as pure mathematics, for the purpose of
revealing or uncovering knowledge by logic and reason
was regarded as a unique and distinct quality.
Greek Methods, however, were not limited to
mathematics. Methods are processes, practices, and
structures that define a framework for study. A method
constitutes something of importance and is used as a
means to document, inform, and facilitate or enhance
understanding and knowledge. To this day numerous
scientific and academic discoveries heavily depend
upon analytical methods and mathematics founded by
the ancient Greeks. From proofs about infinite prime
numbers used in internet encryption to mathematical
formulae used in engineering, ancient Greeks have
provided scientists, economists, lawyers, architects and
well just about everyone with a new mathematical
understanding of our world.
1.2 Geometry not algebra
The word "mathematics" originates from the ancient
Greek word μάθημα (mathema), meaning "any study
which a person may learn" – "subject of instruction".
The study of mathematics for its own sake in
combination with the use of generalized mathematical
theories and proofs is the main difference between
Greek mathematics and those of preceding civilizations.
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Figure1.1: Parthenon of Ancient Greece has obvious geometric
shapes and patterns.

Greek mathematicians divided the field of mathematics
into arithmetic (the study of "multitude," or discrete
quantity) and geometry (that of "magnitude," or
continuous quantity). They considered both to have
originated from practical activities. Proclus, in his
Commentary on Euclid, observed that geometry—
literally meaning "measurement of land"—first
appeared in surveying practices among the ancient
Egyptians, as the flooding of the Nile compelled them
each year to redefine the boundaries of properties.
Similarly, arithmetic arose with the commerce and trade
of Phoenician merchants.
The Greeks were mainly focused on geometry and used
geometric methods to solve problems that one might use
algebra for. They were also genuinely interested in
proving the truth of specific mathematical ideas.
Through geometry, they tried to prove that certain
mathematical facts were always true, even though
Egyptian and Babylonian mathematicians already knew
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that these facts were true most of the time anyway.
Greeks, in general, were very interested in rationality, in
things making sense and hanging together. They
liked music because it followed strict rules to produce
beauty. So did architecture, and so did mathematics,
especially geometry.
Three geometrical problems, to be solved by purely
geometric means only using a straight edge and a
compass, date from the early days of Greek geometry.
The problems, often referred to as the Three Classical
Problems were: "the squaring (or quadrature) of the
circle", "the doubling (or duplicating) of the cube", and
"the trisection of an angle". These problems had a
profound influence on later geometry, leading to several
fruitful discoveries. However, their actual solutions (or,
as it turned out, the proofs of their impossibility) were
not found until the 19th century.

Figure 1.2: The three classical problems
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1.3 Origins and early influences
The origin of Greek mathematics is not welldocumented. The earliest advanced civilizations in
Greece and generally in Europe were the Minoan and
later Mycenaean civilizations, both flourishing during
the 2nd millennium BCE. Even though these
civilizations possessed writing and were capable of
advanced engineering, including four-story palaces with
drainage and beehive tombs, they didn’t leave behind
any mathematical documents. According to the best
estimate, the Greek civilization dates back to 2800 BCE
- around the time the Great Pyramids were constructed
in Egypt. The Greeks initially settled in Asia Minor,
perhaps their original home, in the region of modern
Greece, as wells as in southern Italy, Sicily, Crete,
Rhodes, Delos, and North Africa.
Despite the lack of direct evidence, it is generally
believed that the neighboring Babylonian and Egyptian
civilizations influenced the younger Greek tradition.
This influence was most significant in Miletus, a city of
Ionia in Asia Minor, the birthplace of Greek philosophy,
mathematics, and science. Between 800 BCE and 600
BCE, Greek mathematics generally lagged behind
literature. Information for this period is very limited,
and this was passed down through later authors,
beginning in the mid-4th century BCE. About 775 BCE,
the Greeks moved from hieroglyphic writing to the
Phoenician alphabet, allowing them to become more
literate, or at least facilitating their expression of
conceptual thought. During the 26th Dynasty of Egypt
(685–525 BCE), the ports of the Nile were opened to
Greek trade for the first time, and prominent Greek
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figures like Thales and Pythagoras visited Egypt
carrying new skills and knowledge.
Though the Greeks certainly borrowed from other
civilizations, they built on their own a culture and
civilization, which are amazingly impressive, the most
influential in Western culture, and the most decisive in
founding mathematics as we know it today.
1.4 Achievements
Greek mathematics constitutes a significant period in
the history of mathematics, basic geometry and the idea
of formal proof. Greek mathematics also contributed
fundamentally to ideas on number theory, mathematical
analysis, applied mathematics, and, at times,
approached close to integral calculus.
The term Greek mathematics usually refers to
mathematical texts and advances written in Greek,
developed from the 7th century BCE to the 4th century
CE near the Eastern Mediterranean shores. Greek
mathematicians lived in cities spread across the entire
Eastern Mediterranean from Italy to North Africa but
were closely united by culture and language. In studying
ancient Greek mathematics, it is common to distinguish
between two periods: the classical period from about
600 BCE to 300 BCE and the Hellenistic period from
300 BCE to 300 CE. Indeed, from about 350 BCE the
center of mathematics moved from Athens to
Alexandria (in Egypt), the city built by Alexander the
Great (358 -323 BCE).
As already mentioned, most of Greek mathematics was
based on geometry. Thales of Miletus, one of the Seven
Sages of Ancient Greece, who lived on the Ionian coast
of Asia Minor in the first half of the 6th century BCE, is
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usually considered to be the first who laid guidelines for
the abstract development of geometry. Thales is
credited with providing some logical reasoning (rather
than by intuition and experimentation) for several basic
results involving circles and angles of triangles.
Pythagoras (born 572 BCE) of Samos is the next major
Greek mathematician. He was the founder of a scholarly
society called the Pythagorean brotherhood (an
academy studying philosophy, mathematics, and natural
science; it was a society with secret rites). The
Pythagoreans supported the unique role of "whole
number" as the foundation of all natural phenomena.
They gave us two important results: the Pythagorean
theorem and, more notably - albeit reluctantly, the
irrational numbers, which struck a blow against the
dominance of whole numbers.
The Pythagorean Hippasus is credited with discovering
that the side of a square and its diagonal are
incommensurables (i.e., a square of length 1 has a
diagonal with irrational length). This showed that whole
numbers are inadequate in representing the ratios of all
geometric lengths. This was the discovery that
established the superiority of geometry over arithmetic
in all Greek mathematics that followed. For all the
trouble that Hippasus had caused, it is said that the
Pythagoreans tossed him overboard to his death far out
into the Mediterranean - thereby exhibiting the dangers
of free thinking, even in the relatively austere discipline
of mathematics. Hippocrates of Chios (born 440 BCE)
made two significant contributions to geometry. The
first was his composition of the First Elements: the first
exposition that precisely and logically developed the
theorems of geometry from a few given axioms and
postulates. This study, which has been lost to history,
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was rendered obsolete by Euclid's treatise. Hippocrates'
other contribution was the quadrature of the lune. The
Greeks were the first who grappled with the idea of
infinity as described in the well-known paradoxes
attributed to philosopher Zeno of Elea in the 5th Century
BCE.
The Hellenistic period began with Alexander the Great's
conquest of the eastern Mediterranean, Egypt,
Mesopotamia, the Iranian plateau, Central Asia, and
parts of India, in the 4th century BCE, leading to the
spread of the Greek language and culture. Most
mathematical texts written in Greek have been
discovered in Greece, Egypt, Asia Minor,
Mesopotamia, and Sicily. As the Greek empire began to
enlarge its sphere of influence, the Greeks were smart
enough to adopt and adapt to useful elements from the
newly-conquered societies. The mathematical and
astronomical knowledge of the Egyptian and
Babylonian cultures became available to the Greeks
who profited by it systematically. This led to the
development of many Greek mathematical tools, such
as the use of the sexagecimal number system, which
allowed the Greeks to divide circles into 360 degrees
and made it easier to deal with calculations involving
fractions. Greeks, soon, started to make outstanding
contributions in their own right and, for the first time,
we can acknowledge contributions by individuals.
The most important center of education during this
period was Alexandria, established at the mouth of the
Nile by Alexander in 332 BCE, when he entered Egypt.
The city grew rapidly and had reached a population of
half a million within three decades, attracting scholars
from across the Hellenistic world. Alexander's empire,
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however, fell apart after his death. In 306 BCE, one of
his generals, Ptolemy, declared himself King Ptolemy I
(thus establishing the Ptolemaic dynasty). Under
Ptolemy I, the Museum and Library of Alexandria were
constructed. Alexandria remained the intellectual
metropolis of the Greek race for a millennium until its
destruction in 641 CE at the hands of the Arabs.
Amongst the scholars attracted to Alexandria was
Euclid, who set up a school of mathematics. The
seminal work of Euclid (300 BCE), collecting the
mathematical knowledge of his age in the Elements, a
canon of geometry and elementary number theory for
many centuries, is a landmark between the two periods.
The 3rd century BCE is considered the golden age of
Ancient Greek Mathematics. Represented by scholars
such as Hipparchus, Apollonius, and Ptolemy,
mathematics and astronomy flourished and reached a
rather advanced stage, to the point of the construction of
simple analog computers such as the Antikythera
mechanism. The Greeks had overseen one of the most
dramatic and significant revolutions in mathematical
thought of all time.

Figure 1.3: The Antikythera mechanism, an ancient mechanical
calculator.
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1.5 The importance of rigor in Greek mathematics
The Greeks understood something that had somehow
eluded the Egyptians and Babylonians: the importance
of mathematical rigor. Rigor was the thoroughness and
attention to detail for improving accuracy. For example,
Ancient Egyptians, equated the area of a circle to the
area of a square with sides equal to 8/9 of the circle's
diameter. According to this calculation, the value of the
mathematical constant π is 256/81. Though it is a highly
accurate calculation (around 0.5% error), it is
mathematically incorrect. However, for the purposes of
Egyptian engineering, this error was insignificant. But,
ignoring this 0.5% error neglects a fundamental
property of the true value of π, that no fraction can
express it, as it is an irrational number.
Egyptians and Babylonians rounded up other numbers
in the same way, such as the value of the square root of
2 (rounding it to the fraction 7/5). By using such
rounded up values, the irrational nature of these
numbers went unnoticed. For the Greeks rounding up
was not good enough. Their obsession with
mathematical rigor enabled them to acknowledge the
exactness of the mathematical language. By persevering
in their pursuit of mathematical accuracy, the Greeks
evolved mathematical knowledge that, along with
astronomy, is perhaps the most admirable monument of
their intellectual achievements.
How did the Greeks manage to advance their
mathematical knowledge to the point that it became
superior to the far older civilizations of the Egyptians
and Babylonians civilizations? As early as 3500 BCE,
Egyptian (and Babylonian) calculations were superior
in the world. Egyptians employed their mathematical
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knowledge principally for engineering purposes;
without it, building the great pyramids and other
breathtaking
monuments
would
have
been
unimaginable.
What the Greeks derived from Egyptian and Babylonian
mathematics were mainly rules of thumb with specific
applications. For example, the Mesopotamians knew
procedures for finding Pythagorean triples and the
Egyptians were aware that a triangle whose sides
satisfied a 3:4:5 ratio is a right triangle. This knowledge
originated from the method used by practical-minded
Egyptian land surveyors to form right angles; they
divided a rope into twelve equal parts, forming the
triangle with three parts on one side, four parts on the
second, and five parts on the remaining side. The right
angle was found between the three-unit and four-unit
sides. This was a very efficient method for forming right
angles. How Egyptians came up with this method and
how Mesopotamians knew to find Pythagorean triples is
not recorded. Looking at this 3:4:5 triangle, Pythagoras
saw in it what nobody else seemed to have noticed. He
stretched this 3:4:5 triangle matter to its logical limit,
sparking an intellectual revolution which led to the
development of mathematics as a theoretical discipline.
The immeasurable significance of this theorem lies in
its indication of the development of certain important
techniques:
The technique of abstraction. By ignoring physical
considerations which are seen as merely incidental, the
only focus is on properties of “straight lines” connecting
at angles. These lines are merely mental constructs and
constitute the only entity necessary to the solution of the
problem. The process of abstraction involves getting rid
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of all the nonessential elements to consider only what is
fundamental.
The technique of generalization. It refers to the
development of general principles with broad
applications, instead of rules with a specific use. The
theorem that Pythagoras developed was true not only for
the 3:4:5 triangle, but was rather a principle applicable
to any right triangle, regardless of its dimensions.
Moreover, the theorem showed that a triangle is a right
triangle if, and only if, the square of the longest side is
equal to the sum of the squares of the remaining two
sides.
The art of deductive reasoning. This involves having a
set of initial general statements or premises and reaching
conclusions through working out its logical
implications.
The sense of demonstrative deductive arguments.
Through the combination of deductive reasoning and
generalization, mathematics was no longer seen as a
static set of rules. Instead, it became a dynamic system
capable of complex development.
2. The development of pure mathematics
During the period from about 600 BCE to 300 BCE,
known as the classical period of Greek mathematics,
mathematics was transformed from an eclectic
collection of practical techniques into a coherent
structure of deductive knowledge.
2.1 Thales (624– 548 BCE)
Historians generally place the beginning of Greek
mathematics at the age of Thales of Miletus (624–548
BCE), the first of the seven wise men of Greece. Thales
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is the earliest known person who used natural
explanations for natural phenomena rather than turning
to the supernatural world. His practice was adopted by
other Greek thinkers who gave rise to philosophy both
as a discipline and science. Thales traveled to Egypt and
in the 600s BCE, using geometry, solved various
problems, including the calculation of the pyramids'
height based on the length of their shadows as well as
the distance of ships from the shore.
Thales is also credited by tradition with having
produced the first proof of the two earliest geometric
theorems—the "theorem of Thales" and the "Intercept
theorem." The former theorem states that an angle
inscribed in a semicircle is a right angle, and Thales may
have been in Babylon when he learned of it. However,
tradition attributes to him a demonstration of the
theorem. This is the reason for which Thales is
frequently regarded to be the father of the deductive
organization of mathematics and the first true
mathematician. Thales also demonstrated the Intercept

Figure 2.1: Thales and Thales’ intercept theorem
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theorem which concerns the ratios of the line segments
created when two intersecting lines are intercepted by a
pair of parallel lines (and, by extension, the ratios of the
sides of similar triangles). He founded the Ionian School
which was of indisputable importance for philosophy
and the philosophy of science.
Thales is believed to be the earliest known man in
history to have been attributed particular mathematical
discoveries. Even though it is vague whether Thales was
the one who introduced to mathematics the logical
structure that is omnipresent today, it is known that,
within two hundred years after Thales, the Greeks had
incorporated logical structure and the idea of proof into
mathematics.
2.2 Pythagoras (570-495 BCE)
To some extent, the legend of the 6th century BCE
mathematician Pythagoras of Samos has become
synonymous with the birth of Greek mathematics. The
words philosophy ("love of wisdom") and mathematics
(“that which is learned”) are believed to have been
coined by Pythagoras. As Thales had done, Pythagoras
also traveled to Egypt and Babylon, but in about 529
BCE he settled in Croton, a Greek colony in the heel of
Italy. There he established a philosophical order, called
the Pythagoreans, based on the belief that a complete
system of mathematics could be constructed, in which
geometric elements corresponded with numbers. The
Pythagoreans regarded the numbers as the underlying
and unchangeable truth of the universe. They believed
that numerology and geometry are fundamental to
understanding the nature of the universe and therefore
key to their philosophical and religious ideas.
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In their community, numbers were venerated as much for
their spiritual qualities as for their mathematical ones. One
of the most noteworthy characteristics of the Pythagorean
order was its belief in the pursuit of philosophical and
mathematical studies as a moral basis for the conduct of
life.
The Pythagoreans held knowledge and property in
common. This meant that all discoveries by individual
Pythagoreans were attributed to the order. As it was
customary for the time to give all credit to the master,
Pythagoras himself was credited with the discoveries
made by his order.
The most well-known equation in classical mathematics
is still known as the Pythagorean theorem: in any rightangled triangle, the square of the longest side (the
hypotenuse) is equal to the sum of the squares of the two
other sides. It is unlikely that the proof for this theorem
can be traced back to Pythagoras himself. However, it is
typical of the achievements of Greek mathematicians,
displaying their primary interest in geometry. This
profound interest reaches its peak in the work compiled
by Euclid in about 300 BCE. Historians acknowledge that
the Pythagoreans discovered most of the material in the
first two books of Euclid's Elements.
The followers of Pythagoras were also able to prove that
whatever the type of a triangle, the measures of its three
angles always add up to the sum of two right angles (180
degrees).
The Pythagoreans are widely credited with recognizing
the mathematical basis of musical harmony and that
musical notes vary in accordance with the length of the
vibrating string; doubling the length of whatever string a
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lute player starts with, will cause the note to always fall
by exactly an octave (the basis of the scale in music
today).
Moreover, the discovery of irrational numbers was among
the numerous mathematical advances made by the
Pythagoreans. According to historians, they also
discovered the theory of proportions and constructed
regular solids - solids whose every face, edge, and corner
angle is identical, whether a square on every side of a cube
or a triangle on every side of a tetrahedron.
The Pythagoreans have also played a primary role in the
evolution of Greek mathematics - especially geometry
and number theory - into a coherent, logical system. This
system was established on precise definitions and proven
theorems and was considered as a subject worthy of study
in its own right, disregarding the practical applications
that had been the primary concern of the Egyptians and
Babylonians.
The beauty and harmony that the Pythagoreans identified
in mathematics possessed such power that Greek science,
in general, was eventually contaminated by a strong
mathematical bias. The Greeks came to believe that
deductive reasoning, which proved to be incredibly
successful in mathematics, was the only acceptable way
of obtaining knowledge in all other disciplines. Deduction
was made king, while observation was undervalued, and
Greek scientific knowledge was led to a dead end in
virtually every branch other than exact sciences. This
overestimation of mathematics is apparent in a quote from
Galen:
“Whereas time causes grief and other emotions to alter
and cease when has the mere passage of time ever
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persuaded anyone that he has had enough of "twice two
are four" or "all radii of a circle are equal" and made him
change his mind about such beliefs and give them up? "
(Galen, On the Doctrines of Hippocrates).

Diagram for proving the
Pythagorean Theorem
Figure 2.2: Pythagoras and the Pythagorean theorem

2.3 The first mathematical crisis
The transition from practical to theoretical mathematics
was initiated by the Pythagoreans (late 6th century), and
an often-cited factor is the discovery of irrational
numbers. The early Pythagoreans believed that "all
things are number." This might be interpreted as
meaning that any geometric measure can be associated
with some number (whole number or fraction; in
modern terminology, some rational number), for, in
ancient Greek usage, the term for number, arithmos,
concerns exclusively whole numbers or, in some
contexts, ordinary fractions.
Although this assumption is common enough in
practice, it breaks down for the lines that form the side
and diagonal of the square. Geometrically, it means that
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there exists no length that could serve as a unit of
measurement of both the side and the diagonal, that is,
they cannot each equal the same length multiplied by
different whole numbers. Thus, the Greeks called such
pairs of lengths "incommensurable.”
In the light of the establishment of the Pythagorean
theorem, the subsequent question followed: If we had a
square of side a unit in length, and we also had a second
square of area double that of the first square, how would
the sides of the two squares compare? This problem led
to the question regarding the square root of 2, which, as
we know today, is an irrational number that is, it cannot
be expressed as a simple fraction. However, the Greeks
were unaware of this, so they kept trying to come up
with a valid answer to this riddle. Despite their efforts,
the Pythagoreans were unable to solve it and finally
faced up to the reality that there existed no ratio of two
whole numbers that could express the value of the
square root of 2.
The discovery of irrationals must have influenced the
pure nature of early mathematical research, as it showed
the insufficiency of arithmetic for geometry, despite
assumptions made in practical work. Moreover, once
such seemingly apparent assumptions as the
commensurability of all lines turned out to be false, then
in principle doubt was cast on all mathematical
assumptions. At the least, it became necessary to
carefully justify all claims made about mathematics.
Even more fundamentally, the necessity of establishing
what a reasoning has to be like to qualify as a proof
arose.
The secret of irrational numbers created a sort of crisis
in the very roots of Pythagorean beliefs and was
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carefully kept covert by the Pythagoreans. There is an
interesting account (of uncertain historical accuracy)
about Hippasus, member of the Pythagorean school,
who disclosed the secret to someone outside the
brotherhood. It is said that the traitor was thrown into
deep waters and drowned. Hippasus is thus sometimes
referred to as the first martyr of science. However, he
could be viewed as one of the several martyrs of
superstition, as it was not the scientific aspect of
irrational numbers which led to his death, but rather
their religious extrapolations that were regarded as a
threat to the foundation of Pythagorean mysticism.
This crisis of irrational numbers encouraged the creation
of inventive methods of approximating the square root
of 2. Amongst the best examples of these is the method
described in the chart of Fig. 2.3.

Figure 2.3: Approximation to the value of the square root of 2
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2.4 Hippocrates of Chios (470 – 410 BCE)
Hippocrates of Chios, during the 5th century BCE, had
begun organizing geometric results into a systematic
form in textbooks known as "elements" (meaning
"fundamental results" of geometry). These served as
sources for Euclid in his comprehensive textbook, a
century later. Hippocrates’ influential book "The
Elements," dating to around 440 BCE, was the earliest
compilation of the elements of geometry.
In his attempts to solve the classical problem of squaring
the circle - to construct a square equal in area to a given
circle, Hippocrates was able to calculate the areas of
certain lunes, crescent-shaped figures contained
between two intersecting circles. His work relied on the
theorem that the areas of two circles have the same ratio
as the squares of their radii. His contribution to the
“squaring the circle” problem is known as the Lune of
Hippocrates.
The third of the achievements credited to Hippocrates
was the introduction of the technique of reducing a
complicated problem to a more tractable or simpler one.
His reduction of the problem of "doubling the cube" (a
three-dimensional quantity) to only finding two lengths
(one-dimensional quantities) certainly fits this
description.
2.5 Zeno of Elea (495 - 430 BCE)
For some, amongst which the Pythagoreans (and, later,
Plato), the certainty of mathematics provided a model
for reasoning in other areas, such as politics and ethics.
However, for others, mathematics appeared prone to
contradiction. Zeno of Elea (5th century BCE) presented
paradoxes concerning quantity and motion to back
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Parmenides' doctrine that, contrary to intuitive
evidence, the belief in plurality and change is
unfounded, and mainly that motion is nothing but an
illusion. These paradoxes contributed to the
development of logical and mathematical rigor and were
not solved until the appearance of precise concepts of
continuity and infinity.
The most famous of Zeno's paradoxes is that of Achilles
and the Tortoise, about a theoretical race between the
two (Fig. 2.4). Achilles allows the much slower tortoise
a head start, but by the time Achilles reaches its starting
point, the tortoise is already ahead. By the time Achilles
reaches that point, the tortoise again has moved on, and
so on, so that swift Achilles can never catch up with the
tortoise.
The so-called dichotomy paradox assumes that it is
possible to bisect a line again and again without limit. If
this division ultimately results in a set of points of zero
length, then the sum even of infinitely many of them is
only zero. However, if the successive bisections
produce tiny line segments, then their sum is infinite.
Effectively, the length of the initial given line must be
both zero and infinite. In the 5th century BCE, a solution
to such paradoxes was attempted by Democritus and the
atomists, philosophers who believed that all material
bodies are primarily made up of invisibly small "atoms"
(the Greek word "atomon" means "indivisible"). In
geometry, on the other hand, such a view conflicted with
the existence of incommensurable lines, since it
determined that the atoms would become the measuring
units of all lines, even incommensurable ones.
Paradoxes, such as the above, are founded on the infinite
divisibility of space and time and rest on the idea that
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the sum of a half plus a quarter plus an eighth plus a
sixteenth, etc., to infinity, can never quite equal a whole.
The paradox stems, however, from the mistaken
assumption that it is impossible to complete an infinite
number of discrete dashes in finite time, although it is
challenging to certainly prove this fallacy. The ancient
Greek Aristotle, who regarded Zeno as the inventor of
dialectic, was the first of many who tried to disprove the
paradoxes, in particular as he firmly supported that
infinity could only ever be potential and not real.
There is controversy surrounding whether there was an
argument between Zeno and actual opponents,
Pythagoreans, who posited a plurality composed of
numbers that were thought of as extended units. Such
philosophical questions did not affect the technical
researches of mathematicians. They did, however, make
them aware of difficulties that could bear on
fundamental matters and so made them more cautious
in defining their subject matter. Moreover, the logical

Figure 2.4: Zeno's Paradox of Achilles and the Tortoise
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problems which Zeno’s paradoxes raise about a
mathematical continuum are serious, fundamental, and
inadequately solved by Aristotle. Zeno led at one time
the Eleatic School from the southern Italian city of Elea
which revealed the contradictions between the discrete
and the continuous, the decomposable and
indecomposable.
2.6 Democritus of Abdera (460-370 BCE)
Democritus of Abdera, a member of the Eleatic school,
best known for his prescient ideas about all matter being
composed of tiny atoms, was also a pioneer of
mathematics and geometry in the 5th - 4th century BCE.
His works with titles like "On Numbers," "On
Geometrics," "On Tangencies," "On Mapping" and "On
Irrationals," have not survived. He was among the first
to observe that the volume of a cone (or pyramid) is
equal to one-third of the volume of a cylinder (or prism)
with the same base and height, and he is perhaps the first
who has seriously considered the division of objects into
an infinite number of cross-sections.
Democritus attempted a solution of Zeno’s paradoxes
based on the atomists’ philosophy, which, however,
came into conflict with the existence of
incommensurable lines, in geometry.
Democritus related popular belief in the gods to the
desire to explain extraordinary phenomena (thunder,
lightning, earthquakes) by invoking superhuman
agency. His ethical system was founded on a practical
basis and referred to an ultimate good ("cheerfulness")
that was "a state in which the soul lives peacefully and
tranquilly, undisturbed by fear or superstition.”
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2.7 Socrates, Plato, and Aristotle
Plato (427-347 BCE), who established his famous
Academy in Athens in 387 BCE, and his protégé
Aristotle (384-322 BCE), whose work on logic was
regarded as definitive for over two thousand years, were
greatly influenced by the Pythagoreans. Plato studied
philosophy in Athens under Socrates He then set out on
his travels, studying mathematics under Theodorus of
Cyrene in North Africa. On his return to Athens in 387
BCE, he founded the namesake Academy.
Plato, the mathematician, is most famous for his
description of the five Platonic solids. He influenced
mathematics not through any mathematical discoveries,
but rather through his perception of the study of
mathematics as an essential medium for the cultivation
of philosophers, providing the best training for the
mind. The famous motto over the door of his Academy
stated:
Let no one ignorant of geometry enter here.
The importance of Plato also stems from having a living
relationship with Socrates and Aristotle. Socrates is
considered a founder of Western Philosophy. Writings
by his students, Plato and Xenophon, reveal most of
what we know of him. In one of Plato's writings, the
Socratic Method of Socrates is described, a form of
debate in use today, defined as a cooperative
argumentative dialogue, based on asking and answering
questions to stimulate critical thinking and to draw out
ideas and underlying presumptions. It is a system, a
spirit, a method, a type of philosophical inquiry, an
intellectual technique, all rolled into one. Socrates, as a
75

teacher, influenced Plato’s philosophical thought, but
Socrates was not a mathematician.
Plato’s Academy in Athens constituted the
mathematical center of the world during the 4th century
BCE. From this school, leading mathematicians
emerged, including Eudoxus in Athens. The Academy
of Plato was similar to a modern university, including
grounds, buildings, students, and formal course taught
by Plato and his aides. Mathematics and philosophy
were favored during the classical period. Plato was a
strong advocate of all of mathematics, despite not being
a mathematician. He believed the perfect ideals of
physical objects to be the reality, considering the world
of ideals and relationships among them as permanent,
ageless, incorruptible, and universal. Plato affirmed the
deductive organization of knowledge and was the first
to systematize the rules of rigorous demonstration. At
his academy, Plato contemplated what developed into
the foundations of math. The Christian emperor
Justinian closed the academy in 529 CE because it
taught "pagan and perverse learning."
Aristotle (384-322 BCE) started attending Plato's
Academy at the age of 18, for nearly 20 years. His
writings during this period cover different topics such as
physics, biology, zoology, metaphysics, logic, ethics,
aesthetics, poetry, theater, music, rhetoric, linguistics,
politics and government collectively, representing the
first comprehensive system of Western Philosophy.
Aristotle was primarily a philosopher. His analysis of
the role of definitions and hypotheses in mathematics
constitutes his most significant contribution in the field.
He founded his own School, called the Lyceum,
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according to the Platonic school pattern, which included
a garden, a lecture room, and an altar to the Muses.
Aristotle classified sciences into three categories theoretical (math physics, logic, and metaphysics),
productive (the arts), and practical (ethics, politics).
Although his contribution to mathematics was limited,
his ideas about the nature of mathematics and its
relations to the physical world proved highly influential.
He is often cited as the first genuine scientist - he studied
and described the physical world. Whereas Plato
believed that mathematical concepts were part of an
independent, eternal world of ideas which constituted
the reality of the universe, Aristotle favored concrete
matter or substance.
Aristotle regarded the notion of definition as a
significant aspect of an argument. He required that
definitions reference to prior objects. Aristotle also
treated the basic principles of mathematics,
distinguishing between axioms and postulates, a
distinction used later by Euclid.



Axioms encompass the laws of logic, the law of
contradiction, etc.
Although the postulates need not be self-evident,
their truth must be sustained by the results derived
from them.

The problem of the indecomposable and decomposable
also concerned Aristotle, who explored the relation of
the point to the line. He made the distinction between
potential infinity and actual infinity and stated only the
former exists in all regards. He is credited with the
invention of logic, through the syllogism and the law of
contradiction.
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Figure 2.5: Aristotle

For Plato and Aristotle, the goal was the realization of
ultimate reality which can be regarded as a pure and
absolute understanding of something. Plato's conviction
was that the process to attain ultimate reality included
abstract contemplation using ideas or external forms
knowable only through reflection and reason. Aristotle
thought ultimate reality could be discovered from
physical objects, knowable through experience and
studied by detailed observation of physical world
objects.
Plato and Aristotle were characterized by their adamant
and strong self-conviction to their own perspectives.
Their fundamental disagreement due to the contrast
between their methods frequently evoked the eruption
of long, intense and even loud arguments between
Aristotle and his teacher Plato. However, their conflicts
provide a virtual glimpse of the subsequent categorical
separation of mathematical content into the studies of
pure and applied mathematics.
2.8 Eudoxus (408-355 BCE)
Although Plato's contribution to mathematics was
limited, his Academy produced some great
mathematicians, one of whom is Eudoxus of Cnidus
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(408-355 BCE). With the discovery of the
incommensurables, proofs of certain geometric
theorems -such as those on similar triangles- by the
Pythagoreans were rendered false. Eudoxus developed
the theory of proportions which addressed these
problems and led directly to the work of Dedekind
(Dedekind cuts) in the 19th century. His other significant
contribution was the method of exhaustion -an early
method of integration by successive approximations,
which has applications in the calculation of areas and
volumes of sophisticated geometric figures.
Archimedes used this process for the determination of
the area of the circle. The method of exhaustion is
regarded as the geometric forerunner of the modern
notion of "limit" in integral calculus. Eudoxus founded
the namesake School, which was the most famous of all
the classical Greek mathematicians and second only to
Archimedes. Menaechmus, a member of Eudoxus’
school, is known for the discovery of the conic sections.
According to a legendary story, when Alexander the
Great (356-323 BCE) asked his tutor, Menaechmus, to
teach him a shortcut to geometry, the latter replied,
"O King, for traveling over the country there are royal
roads and roads for common citizens; but in geometry,
there is one road for all."
2.9 Euclid (325-265 BCE)
Euclid, who was born in Egypt, in Africa, but spoke
Greek, taught in Alexandria during the reign of Ptolemy.
Being familiar with all of the precedent Greek
mathematical work, he decided to organize all this
knowledge in a single coherent work known as The
Elements. It comprised thirteen books of geometrical
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Figure 2.6: Statue of Euclid in the Oxford University Museum of
Natural History

theorems and was highly influential in western thought
as it was studied and analyzed for centuries. His genius
did not lie in creating new mathematics but in the
presentation of old mathematics in a clear, logical and
organized manner. Euclid presents earlier derived
theorems from his predecessors (in particular Eudoxus)
with such clarity that he ensures the success of his work.
The Elements became Europe's standard textbook in
geometry, retaining that position until the 19th century
and is the second best-selling book of all times,
surpassed only by the Bible.
2.10 The Elements
Euclid’s Elements is the principal source for
reconstructing pre-Euclidean mathematics - the major
part of its content can be traced back to research from
the 4th century BCE and in some cases even earlier. It is
divided into thirteen books and contains 465
propositions from plane and solid geometry and number
theory. It provides an axiomatic development of the
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subject. The Elements begins with 23 definitions, five
postulates, and five common notions or general axioms.
From these, Thales proved his first proposition and
obtained all subsequent results from a blend of his
definitions, postulates, axioms, and previously proven
theorems. He, thus, avoided circular arguments.
The first four books set out constructions and proofs of
plane geometric figures: much of the material of Books
I–III was already familiar to Hippocrates, and the
content of Book IV can be associated with the
Pythagoreans. Thus, the roots of this portion of the
Elements date back to 5th-century research.
Book V describes a general theory of proportion which
derives from Eudoxus. This theory did not require any
restriction to commensurable magnitudes and provided
the basis for Book VI which presents the properties of
similar plane rectilinear figures.
Books VII-IX refer to what the Greeks called
"arithmetic," the theory of whole numbers, including the
properties of numerical proportions, greatest common
divisors, least common multiples, and relative primes
(Book VII). They included propositions on numerical
progressions and square and cube numbers (Book VIII),
and special cases, like unique factorization into primes,
the existence of an unlimited number of primes, and the
formation of "perfect numbers," which are numbers
equal the sum of their proper divisors (Book IX).
Book X introduces a theory of irrational lines and
derives its content from Eudoxus' work. The remaining
books deal with the geometry of solids. Book XI
presents results on solid figures equivalent to those for
planes in Books I and VI; Book XII proves theorems on
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the ratios of circles and spheres and the volumes of
pyramids and cones; Book XIII shows how to inscribe
the five regular solids, known as the Platonic solids, in
a given sphere.
In summary, the Elements consolidated the fields of
elementary geometry and arithmetic as they had
developed during the two previous centuries.
Undoubtedly, Euclid must be credited with particular
aspects of this work, definitely with its editing as a
comprehensive whole. However, none of its results
constitute his discovery. For other more advanced
fields, his textbook, true to its name, provides the
appropriate "elementary" introduction, without
touching on them, although these fields were already
being vigorously studied in Euclid's time, in some cases
by Euclid himself.
Geometric constructions constitute one such field.
Euclid, like geometers of the generation before him,
divided mathematical propositions into two kinds:
“theorems” and “problems.” A theorem claims that all
terms of a particular description bear a specified
property; a problem seeks the construction of a term
carrying a specified property. In The Elements, all
problems are constructible based on three stated
postulates: that one can construct a line by joining two
given points, that a given line segment can be extended
in a line indefinitely, and that one can build a circle with
a given point as center and a given line segment as
radius. These postulates in effect restricted the
constructions to the use of the so-called Euclidean
tools—i.e., a compass and a straight edge or unmarked
ruler.
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The Elements is remembered mostly for its geometry.
The opening of Book I presents different definitions on
basic geometry:
1. The point is that which has no part.
2. A line is a breadthless length.
3. The extremities of a line are points.
4. A straight line is a line which lies evenly with the
points on itself.
5. A surface is that which has length and breadth only.
6. The extremities of a surface are lines.
(Euclid, definitions 1 to 6)
Although there is nothing original to Euclid in the
contents of The Elements (he was just a compiler), the
order of propositions and the overall logical structure of
the work is mostly Euclid's creation. It is one of the
most important and influential books ever written and a
masterpiece of the Greek intellectual tradition.
According to modern scientific knowledge, The
Elements presents certain flaws. First, it depends solely
on deduction (building conclusions on an assumed set
of self-evident generalizations), lacking any trace of
induction (starting with observations of particular facts
and deriving generalizations from them). Second, the
proof of all theorems in it is feasible through the use of
theorems previously proven. It thus follows a logical
sequence that leads to a set of initial assumptions that
cannot be established and are presented by Euclid as
unquestionable, meaning that they are so apparent that
proof is unnecessary. This is equivalent to a chain where
each link is required to be connected to another link, but
the initial connections are merely hanging, nowhere
attached.
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Figure 2.7: First English version of Euclid's Elements, 1570

2.11 The three classical problems
Although Euclid solved more than 100 construction
problems in The Elements, many more complicated
problems were introduced, rendering the compass and
the straightedge inadequate for finding a solution. Three
such problems attracted so much interest among later
geometers that the term "classical problems" prevailed,
referring to doubling the cube (i.e., constructing a cube
whose volume is twice that of a given cube), trisecting
the angle, and squaring the circle. The Greeks were the
first to pose these problems, which were settled with the
advent of Abstract Algebra and Analysis in modern
times. All three constructions have been proved to be
impossible, which is associated with the
characterization of the constructible numbers.
Even in the pre-Euclidean period, attempts for the
construction of a square equal in area to a given circle
had begun. Some related results came from Hippocrates
(in Quadrature of the Lune) and Euclid in his theorem
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on the circle, which states that circles areas are in the
ratio of the squares of their diameters. However, it was
not until the 3rd century BCE that the first actual
constructions (it must be noted, this is impossible using
the Euclidean tools) took place. Although the early
history of the problem of angle trisection is obscure and
solutions are known only from the 3rd century or later,
initial efforts are presumed to have started in the preEuclidean period.
Several successful efforts at doubling the cube date from
the pre-Euclidean period, and are related to Hippocrates,
Eudoxus, and Menaechmus in the 4th century BCE.
Menaechmus’ solution, for example, relied on conic
sections. However, the formal study of the conic
sections, as such, did not begin until later, near the time
of Euclid, who composed treatments of the theory of
conic sections.
Geometers developed a particular technique called
"analysis" in seeking the solutions to problems.
According to this, they assumed to have solved a
problem, and then, by investigating the properties of this
solution, they found an equivalent problem that could be
solved based on the given. Geometers subsequently
reversed the procedure to obtain the formally correct
solution of the original problem: they used the data to
solve the equivalent which was derived in the analysis,
and, from the solution obtained, they solved the original
problem. In contrast to analysis, this reversed procedure
was called "synthesis.”
The Delian Problem - Doubling the cube
The legend says that: The oracle of Apollo told the
people of Delfos that, to be freed from a plague, they
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should build him an altar twice the size of the existing
one (Theon of Smyrna, On the Usefulness of
Mathematics).
Architects could not figure out a solution to this
problem. Since the altar has the shape of a cube, the first
idea that might come to one's mind is to double all sides
of the altar. However, this leads to an altar eight times
bigger than the original. To efficiently approach this
problem, one should ask what the length of each of the
sides of the new altar should be if the desired volume is
twice the volume of the original altar. The solution
requires determining the value of the cube root of 2,
which is also an irrational number and evoked in
geometry the same perplexity that the square root of 2
caused in arithmetic. Greek mathematicians, including

Figure 2.8: The Delian Problem
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Plato, took the matter up and worked on it for centuries
producing a large amount of admirable work. The
central point here is being able to determine the cube
root of 2.
3. Geometry in the 3rd century BCE - The Golden
Age
The Elements was one of several significant efforts by
Euclid and others to consolidate the advances made over
the 4th century BCE. These advances facilitated the
transition to the golden age of Greek geometry in the
3rd century, which was dominated by geometric
discoveries, particularly in the solution of problems by
analysis and other methods, and was characterized by
the figures of Archimedes of Syracuse (early 3rd century
BCE) and Apollonius of Perga (late 3rd century BCE).
3.1 Archimedes (287-212 BCE)
Archimedes investigated the spiral (Archimedes' Spiral)
and obtained formulas for volumes of the parabolic
ellipsoid and hyperbola. He created an ingenious system
for expressing very large numbers. Archimedes is
renowned for the use of the method of exhaustion,
derived by Eudoxus, for measuring curved surfaces and
volumes as well as for his applications of geometry to
mechanics. By applying the method of exhaustion, he
calculated the area under the arc of a parabola through
the summation of an infinite series, based on an
approach that anticipated modern calculus. Although his
fame in history and legend derives mainly from his
practical inventions and discoveries, Archimedes
regarded these as trivial compared to his work in pure
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geometry. He was most proud of his calculations of
surface area and volume in spheres and cylinders.
Archimedes is famous for deriving the first accurate
approximation of pi (designated π), 31/7, from the ratio
of the circumference to the diameter of the circle.
Characteristically, he went beyond a simple estimate, to
more subtle insights, like the notion of bounds.
Archimedes' result relates to the problem of circle
quadrature, considering another rigorously proved
theorem of his: a circle's area is equal to that of a triangle
whose height and base equal the radius and the
circumference of the circle, respectively. Similar results
were obtained for the sphere, the volume of which
equals that of a cone whose height and base equal the
radius and the surface area of the sphere. Equivalently,

Figure 3.1: Sphere with circumscribing cylinder: The surface area
of a sphere is 4𝜋𝑟 2 , and its volume is 4𝜋𝑟 3 /3, while the surface
area of the circumscribing cylinder is 6𝜋𝑟 2 and its volume is 2𝜋𝑟 3 .
Hence, any sphere has two-thirds the volume and two-thirds the
surface area of its circumscribing cylinder.
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the volume of a sphere is two-thirds that of the cylinder
with height and diameter equal to the diameter of the
sphere (i.e., the cylinder which contains the sphere).
Archimedes requested to surmount his tomb with a
device of a sphere within a cylinder. His range of
interests is evident by a selection of titles from his
surviving treatises: On the Sphere and the Cylinder; On
Conoids and Spheroids; On Spirals; The Quadrature of
the Parabola; or, closer to one of his practical
discoveries, On Floating Bodies.
Approximating pi
Around 250 BCE, Archimedes worked on getting a
more accurate number for π, and proof for calculating
the circumference of a circle. A precise determination
of π, as we know this ratio today, had long been of
interest to the ancient Greeks, who strove for accurate
mathematical proportions in their architecture, music,
and other art forms. Although close approximations of
π had been known for over 1,000 years, Archimedes'
value was more accurate, also being the first theoretical,
rather than measured, calculation of π.
Archimedes used a relatively simple geometrical
approach to estimate pi. He applied concepts of
infinitesimals in a way that anticipated modern integral
calculus. His technique was dependent on a form of
proof by contradiction and provided solutions to
problems in an arbitrary degree of accuracy while
specifying the limits within which the answer lay. This
technique is known as the method of exhaustion.
Archimedes employed it to approximate the value of π,
which lies between the length of the perimeter of a
polygon inscribed within a circle (corresponding to a
value less than the circumference of the circle) and the
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perimeter of a polygon circumscribed outside a circle
(corresponding to a value greater than the
circumference). He was able to bring the two perimeters
ever closer in length to the circumference of the circle
through doubling the number of sides of the hexagon to
a 12-sided polygon, then a 24-sided polygon, and finally
48- and 96-sided polygons, which led him to derive his
final approximation.
In particular, he determined that 3 10⁄71 < 𝜋 < 3 1⁄7,
which in the decimal notation we use today, is
equivalent to 3.1429 < 𝜋 < 3.1408. This result is
pretty close to the known value of 3.1416.

Figure 3.2: Approximating pi

3.2 Apollonius (262-190 BCE)
Apollonius (262-190 BCE) of Perga, Asia Minor, was
the next major mathematician of the 3rd century BCE.
His work broadened the field of geometric constructions
outside the limits set in the Elements. The three-circle
tangency construction is a characteristic example, and
one of the most extensively studied geometric problems,
having attracted more than 100 different solutions in the
modern period. While Euclid in Book III described how
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to draw a circle by passing through three given points or
being tangent to three given lines, Apollonius (in a work
called Tangencies, which no longer survives)
determined the circle tangent to three given circles, or
tangent to any combination of three points, lines, and
circles.
Apollonius significantly contributed to advances in the
study of conic sections. He obtained three types by
varying the angle of the plane cutting a double-napped
cone; he named the conic sections: parabola (place
beside), ellipse (deficiency), and hyperbola (a throw
beyond). His work Conic Sections, comprising eight
books, constitutes one of the best preserved
mathematical writings of the antiquity and accounts for
his claim to fame. It contains 400 propositions and
supersedes the work in that subject of Menaechmus and
Euclid. Apollonius's treatise on conics consolidated
more than a century of previous work and presented new
findings of his own as well. It covers the following
topics: the relations satisfied by the diameters and
tangents of conic sections (Book I); associations of
hyperbolas to their "asymptotes," the lines they
approach without ever meeting (Book II); how to draw
tangents to given conics (Book II); relations of chords
intersecting in conic sections (Book III); the
determination of the number of ways in which conic
sections may intersect (Book IV); how to draw "normal"
lines to conic sections (that is, lines meeting them at
right angles; Book V); and the congruence and
similarity of conic sections (Book VI). Apollonius
derived many theorems concerning conic sections that
later became invaluable to mathematicians and
astronomers like Isaac Newton, who, centuries later,
studied planetary motion. While he solved only a
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limited set of problems, his theorems contribute to the
solutions of many others. Apollonius and other Greek
mathematicians did not introduce coordinate systems of
today’s analytical geometry though some of their works
look as if to anticipate the development of Rene
Descartes' analytical geometry in 1637, nearly 1800
years later.
The advancements in the field of geometric problems by
Euclid, Apollonius, and their followers led to the
introduction of a classifying scheme: problems that
were solvable using conic sections were called solid,
while those solvable using circles and lines only (as
assumed in Euclid's Elements), were called planar.
Thus, the square is doubled by planar means, but this is

Figure 3.3: Conic sections. The conic sections result from
intersecting a plane with a double cone, as shown in the figure.
There are three distinct families of conic sections: the ellipse
(including the circle); the parabola (with one branch); and the
hyperbola (with two branches).
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not possible for the cube, although a solid construction
is plausible. Similarly, the bisection of an angle is a
planar construction, but the general trisection of the
angle is considered a solid problem. Since much of
Apollonius' work turns on the project of setting out the
domain of planar constructions concerning solutions by
other means, it is plausible to date the introduction of
this classification and the assignment of canonical status
to planar methods, relative to the others, near
Apollonius's time.
3.3 Applied geometry
The development of geometric approaches for the study
of physical sciences such as optics, mechanics and
astronomy, dominated in the 3rd century BCE.
Geometers formulated the basic concepts and principles
taking into account geometric and numerical quantities
and derived the fundamental phenomena of the field by
creating geometric constructions and proofs.
In optics, Euclid’s textbook (called the Optics) set a
precedent. Euclid claimed visual rays to be straight lines
and defined the apparent size of an object based on the
angle formed by the rays drawn from the top and the
bottom of it to the observer's eye. He subsequently
proved that nearer objects appear to be larger and to
move faster, and demonstrated how to measure the
height of distant objects from their shadows or reflected
images and so on. Other textbooks present theorems on
the phenomena of reflection and refraction. A treatise
by the astronomer Ptolemy (2nd century CE) provides
the most extensive survey of optical phenomena,
covering the field of geometric optics, as well as
experimental areas like binocular vision, and more
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philosophical principles (the nature of light, vision, and
color). The studies of burning mirrors belong to Diocles
(late 2nd century BCE), who is thought to be the first to
prove that the surface that reflects Sun rays to a single
point is a paraboloid of revolution and can be obtained
by the revolution of the parabola around its axis. Such
constructions attracted interest even until the 6th century
CE. It was then that the best known for his work as
architect of Hagia Sophia at Constantinople Anthemius
of Tralles, in his work on remarkable mechanical
devices, compiled a survey of mirror configurations.
The work of Archimedes critically influenced
Mechanics. Archimedes postulated the principle of
balance - two weights, inversely proportional to their
distances from the fulcrum, are in equilibrium. In the
light of this principle, he developed a theory of the
centers of gravity of plane and solid figures.
Archimedes also established the principle of buoyancy
-that floating bodies displace their equal in weight.
Based on it, he proved the conditions of stability of
segments of spheres and paraboloids, that is, the
conditions under which solids, formed by rotating a
parabolic segment about its axis, will return to their
initial position if tipped. Archimedes, in his work
Method Concerning Mechanical Theorems, presented a
particular "mechanical method" for the discovery of
results on volumes and centers of gravity. By employing
the bold notion of constituting solids from the plane
figures formed as their sections (e.g., circles as the plane
sections of spheres, cones, cylinders, and other solids of
revolution), he assigned to such figures a weight
proportional to their area.

94

Similarly, Archimedes worked out the volumes and
centers of gravity of spherical segments and segments
of the solids of revolution of conic sections—
paraboloids, ellipsoids, and hyperboloids. He
recognized that the critical notions —constituting solids
out of their plane sections and assigning weights to
geometric figures— lacked formal validity which the
standard conceptions of Greek geometry dictated.
However, he maintained that his arguments were of high
value for the discovery of results about these figures,
despite not being "demonstrations" (i.e., proofs).
The geometric study of astronomy finds its roots in the
pre-Euclidean era, with Eudoxus having developed a
model for planetary motions around a stationary Earth.
Using only combinations of uniform circular motions a principle first proposed by Plato- Eudoxus represented
the path of a planet as the superposition of rotations of
three or more concentric spheres with their axes set at
different angles. The search for geometric patterns,
following the Platonic conditions, progressed with later
geometers. Aristarchus of Samos (3rd century BCE)
introduced the simplest model, a scheme of circular
orbits centered on the Sun, but others rejected it, judging
a moving Earth to be impossible on physical grounds.
However, Aristarchus' model could have suggested the
use of an "eccentric" model, according to which the
planets rotate about the Sun that rotates about the Earth.
Apollonius proposed an alternative “epicyclic" model,
geometrically equivalent to an eccentric, according to
which the planet turns about a point that itself orbits in
a circle (the "deferent") centered at or near Earth. The
adaptation of these models facilitated the interpretation
of other phenomena of planetary motion. For instance,
if Earth is displaced from the center of a circular orbit
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(as in the eccentric scheme), the orbiting body will
appear to vary in speed (faster when nearer the observer,
slower when farther away), as is observed for the Sun,
Moon, and planets.
Eratosthenes, the librarian of the museum at Alexandria,
had more on his mind than just looking after the scrolls.
He was making a map of the stars (he eventually
cataloged nearly 700), and was busy with his search for
prime numbers; he did this by an infinitely laborious
process now known as the Sieve of Eratosthenes.
However, his most significant project was working out
the circumference of the earth. Eratosthenes heard that
at noon in midsummer the sun shines straight down a
well at Aswan, in the south of Egypt. He found that on
the same day of the year in Alexandria it cast a shadow
7.2 degrees from the vertical. If Eratosthenes could
calculate the distance between Aswan and Alexandria,
he would know the circumference of the earth (360
degrees instead of 7.2 degrees, or 50 times greater). He
discovered that camels took 50 days to make the journey
from Aswan, and he measured an average day's walk by
this fairly predictable beast of burden. It gave him a
figure of about 46,000 km for the circumference of the
earth, which is amazingly accurate, only 15% out
(40,000 km is closer to the truth).
4. Later trends in geometry and arithmetic
4.1 Trigonometry and mensuration
The end of the third century BCE saw the end of the
golden age of Greek mathematics. After this period,
there was a shift from the pure forms of constructive
geometry toward fields related to the applied
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disciplines, particularly to astronomy. The creation of
textbooks incorporating the essential theorems on the
geometry of the sphere (called spherics) made an entry.
For instance, Theodosius (3rd or 2nd century BCE)
consolidated the earlier work by Euclid and the work of
Autolycus of Pitane (flourished 300 BCE) on spherical
astronomy. More significantly, in the 2nd century BCE,
after their exposure to the fully developed
Mesopotamian astronomical systems, the Greeks
borrowed many of the Mesopotamians' observations
and parameters – e.g., values for the average periods of
astronomical phenomena. Committed to geometric
models, the Greeks did not adopt the arithmetic schemes
of the Mesopotamians but followed the Mesopotamians'
lead in seeking predictive astronomy by combining
mathematical theory and observational parameters.
They, thus, aimed not merely at describing rather than
at calculating the angular positions of the planets based
on the numerical and geometric content of the theory.
This major restructuring of Greek astronomy, in both its
theoretical and practical respects, was primarily due to
Hipparchus of Nicaea (2nd century BCE). Ptolemy
consolidated and further advanced his work.
To facilitate their astronomical researches, the Greeks
derived techniques for the numerical measurement of
angles, a precursor of trigonometry, and developed
tables suitable for practical computation. Archimedes
and Aristarchus had made early efforts to measure the
numerical ratios in triangles. Hipparchus and Menelaus
of Alexandria (1st century CE) soon extended their
results and produced comprehensive treatises on the
measurement of chords -construction of a table of values
equivalent to the trigonometric sine. Despite the loss of
these works, the essential theorems and tables are
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preserved in Ptolemy's Almagest. The Greeks adopted
the sexagesimal method, which the Mesopotamians
introduced in arithmetic, for computing with angles,
from which we derive the standard units for angles and
time employed to this day.
4.2 Number theory and algebra
Although Euclid bequeathed a precedent for number
theory in his Elements, later writers did not make any
further effort to extend the field of theoretical arithmetic
in his demonstrative manner. Several writers produced
collections handling a much simpler form of number
theory. A favorite result is the representation of
arithmetic progressions in the form of “polygonal
numbers." For instance, by successively adding the
numbers 1, 2, 3, 4,…, we obtain the "triangular"
numbers 1, 3, 6, 10,…; similarly, the odd numbers 1, 3,
5, 7,…sum to the "square" numbers 1, 4, 9, 16,…, while
the sequence 1, 4, 7, 10,…, with a constant difference of
3, sums to the "pentagonal" numbers 1, 5, 12, 22,…. In
the ancient arithmetics in general, these results are
expressed in the form of geometric shapes, by lining up
dots in the appropriate two-dimensional configurations,
being invariably presented as particular cases, in the
absence of any general notational method or general
proof. The writers in this tradition are called neoPythagoreans since they viewed themselves as
continuing the Pythagorean school of the 5th century
BCE; in the spirit of ancient Pythagoreanism, they
formulated their numerical interests on a philosophical
theory that was an amalgam of Platonic metaphysical
and
theological
doctrines.
Neo-Pythagoreans
contributed to the revival of pagan religion as opposed
to Christianity in late antiquity. "Amicable numbers"
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constitute an interesting concept of this school of
thought, being defined as two numbers equal to the sum
of the proper divisors of each other (for example, 220
and 284). Pythagoreans were fond of attributing virtues
such as friendship and justice to numbers at all times.

Figure 4.1: Polygonal numbers

The arithmetic work of Diophantus of Alexandria (3rd
century CE) is of much greater mathematical
significance since it revived the tradition of Babylonian
algebra. His treatise called Arithmetica in about 200 CE,
comprising thirteen books (six survive in Greek, another
four in medieval Arabic translation) presents hundreds
of arithmetic problems with their solutions -particularly
finding integer solutions to problems that lead to
equations with several unknowns, what has since
become known as Diophantine Analysis. Diophantine
equations can be defined as polynomial equations with
integer coefficients which infer only integer solutions.
For example, he aims at expressing a given square
number as the sum of two square numbers -the
“numbers” are rational. Like those of the neoPythagoreans, his treatments always refer to particular
cases rather than general solutions. Diophantus adopted
an arithmetic form of the method of analysis, in which
he used a specific sign for minus and the letter s for the
unknown quantity. He first reformulated the problem
concentrating on one of the unknowns, and he
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subsequently manipulated it as if it were known until an
explicit value for the unknown emerged.
4.3 Survival and influence of Greek mathematics
In the closing phase of Greek mathematics, Pappus
(early 4th century CE), Theon (late 4th century CE), and
Theon’s daughter Hypatia, who were active in
Alexandria as professors of mathematics and
astronomy, generated extensive commentaries on the
major authorities —Pappus and Theon on Ptolemy,
Hypatia on Diophantus and Apollonius. Much of their
work survives although a part has since been lost. They
were reasonably competent in technical matters but
lacked inclination toward significant insights. They
mainly aimed at filling in minor steps assumed in the
proofs or appending alternative proofs, and their level
of originality was very limited.
However, these scholars, through their teaching and
editorial efforts, facilitated the survival of the works of
Euclid, Archimedes, Apollonius, Diophantus, Ptolemy,
and others, by frequently preserving fragments of older
works, now lost. These works now do exist, either in
Byzantine Greek codices (manuscript books) written
500-1500 years after the Greek works were composed
or in Arabic translations of Greek works and Latin
translations of the Arabic versions.
The most critical histories of Mathematics written by the
Greeks include the works of:
Eudemus (4th century BCE), a member of Aristotle's
school, who wrote histories of arithmetic, geometry, and
astronomy (lost).
Theophrastus (372- 287 BCE), who wrote a history of
physics (lost).
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Pappus (4th century CE) who wrote the Mathematical
Collection, an account of classical mathematics from
Euclid to Ptolemy (extant) and Treasury of Analysis, a
collection of the Greek works themselves (lost).
Proclus (410-485 CE), who wrote the Commentary,
treating Book I of Euclid that contains quotations due to
Eudemus (extant).
However, we do not know even if these works derived
from the originals. For example, Heron made numerous
changes in Euclid's Elements, adding new cases,
providing different proofs and converses.
Nevertheless, despite the lack of original manuscripts,
the dates of Greek mathematics are more accurate than
those of surviving Babylonian or Egyptian sources,
thanks to the existence of a large number of overlapping
chronologies. Still, many dates are uncertain; but the
doubt is a matter of decades rather than centuries.
The legacy of Greek mathematics, in particular in the
fields of geometry and geometric science, was
remarkable. From an early period, the Greeks defined
the objectives of mathematics, disconnected from
practical procedures, as a theoretical discipline that
serves the formulation of general propositions and
formal demonstrations. Their findings, especially those
of the masters of the 3rd century BCE, presented such
range and diversity that supplied geometers with subject
matter for centuries thereafter, even though the tradition
transmitted into the Middle Ages and Renaissance was
incomplete and defective.
The rapid rise of mathematics in the 17th century was
based in part on the conscious imitation of the ancient
classics and the competition with them. A direct
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inspiration from Archimedes is evident in the geometric
mechanics of Galileo and the infinitesimal researches of
Kepler. The theory of real numbers introduced by
Eudoxus presents striking similarities to the modern
theory of the Dedekind cut by Richard Dedekind, who
indeed acknowledged Eudoxus as inspiration. The study
of the advanced geometry of Apollonius stimulated new
approaches in geometry —for example, the analytic
methods of Descartes. Purists like Huygens and Newton
insisted on the Greek geometric style as a model of
rigor, while others sought to escape its forbidding
demands of entirely worked-out proofs. Diophantus'
work has significantly impacted Fermat's researches in
algebra and number theory. Although mathematics has
today emerged beyond the ancient achievements, the
ingenuity of the insights of some of the leading figures
of antiquity, like Archimedes, Apollonius, and Ptolemy,
constitutes their reading still rewarding.
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Selected Problems
1. Express the numbers 76, 234, 1265, and 87,432 in
sexagesimal.
2. Compute the following products of sexagecimal
numbers:
(a) 1,23 × 2,9
(b) 2,4,23 × 3,34
3. According to a problem on one Babylonian tablet, the
base and top of an isosceles trapezoid are equal to 50
and 40, respectively and its side length is 30. Calculate
the altitude and area. Can you solve this without the
Pythagorean theorem?
4. Solve the following system by using the Babylonian
method stating clearly what steps you are taking,
2𝑥 + 3𝑦 = 1600
5𝑥 + 4𝑦 = 2600

5. If you add twice the side to its square, the result is
2,51,60. What is the side?
6. Solve the linear system
2
1
𝑥 − 𝑦 = 500
3
2
𝑥 + 𝑦 = 1800

Use the Babylonian method: start with 𝑥̃ = 𝑦̃, such that
2𝑥̃ = 1800 and use the model 𝑥 = 𝑥̃ + 𝑑, 𝑦 = 𝑦̃ − 𝑑,
to obtain the solution.
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7. Generalize the Babylonian algorithm of Problem 6 to
solve arbitrary linear systems.
8. Add one column to Table 6.2 (Part I) and insert the
values of the third (missing) side of the triangle.
Elaborate on the mistakes contained in the rows denoted
by the *.
9. Modify the Babylonian root finding method (for √2)
to find the square root of any number. Use your method
to approximate √3. Begin with 𝑥0 = 1.
3

10. Explain how to determine √2, by adapting the
method of the mean.
11. Consider the table:
𝑛
1
2
3
4
5
6

𝑛3 + 𝑛2
2
12
36
80
150
252

Use this table and linear interpolation, to solve the
following problems. Compare with the exact values.
(a) 𝑥 3 + 𝑥 2 = 55
(b) 𝑥 3 + 𝑥 2 = 257
12. Show that the general cubic 𝑎𝑥 3 + 𝑏𝑥 2 + 𝑐𝑥 = 𝑑
can be reduced to the normal form 𝑦 3 + 𝑒𝑦 2 = 𝑔.
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13. Mathematicians like René Descartes and Pierre de
Fermat, have converted many of the problems that the
ancients struggled with to a virtual snap. Determining
Pythagorean triples, for example, is a simple exercise
in algebraic geometry, since 𝑎2 + 𝑏 2 = 𝑐 2 (with c≠0)
if and only if (a/c, b/c) is a point on the “unit circle,”
which is defined by the equation 𝑥 2 + 𝑦 2 = 1. A
point (x, y) on the unit circle has rational coordinates
if and only if the line that connects it to (−1, 0) has
rational slope. If the slope is equal to p/q, then a little
algebra leads to 𝑥 = (𝑝2 − 𝑞 2 )/(𝑝2 + 𝑞 2 ) and 𝑦 =
2𝑝𝑞/(𝑝2 + 𝑞 2 ) , revealing the well-known formula
for Pythagorean triples.
A similar approach is appropriate for problems like
“Find three squares in arithmetic progression”—that
is, 𝑎2 , 𝑏 2 , 𝑐 2 with 𝑏 2 -𝑐 2 =𝑐 2 -𝑏 2 . Solutions correspond
to rational points (a/b, c/b) on the circle 𝑥 2 + 𝑦 2 = 2.
In this case, a point (x, y) has rational coordinates if
and only if the line connecting it to (−1,−1) has
rational slope. This time, the algebra leads to 𝑥 =
(𝑞 2 + 2𝑝𝑞 − 𝑝2 )/(𝑝2 + 𝑞 2 )
and 𝑥 = (𝑝2 +
2
2
2
2𝑝𝑞 − 𝑞 )/(𝑝 + 𝑞 ) which gives (𝑎, 𝑏, 𝑐) =
𝑞 2 + 2𝑝𝑞 − 𝑝2 , 𝑝2 + 𝑞 2 , 𝑝2 + 2𝑝𝑞 − 𝑞 2 )
for
numbers whose squares are in arithmetic progression.
The values (𝑝, 𝑞) = (2,1), for example, give (1,5,7),
corresponding to squares 1, 25, and 49.
All this still works fairly easily if you generalize to
Pythagorean “quadruples,” in which three squares
sum to a square: 𝑎2 + 𝑏 2 + 𝑐 2 = 𝑑 2 . However, if you
go looking for four squares in arithmetic progression,
the procedure gets a little tricky. Try it!
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14. Perfect numbers, discovered by Euclid and his
brotherhood of mathematicians, have a certain
satisfying unity. We define a perfect number as a
positive integer that is the sum of its positive divisors.
Thus, the summation of all the numbers that divide a
number, gives that number back. One example would be
the number 28 — it is divisible by 1, 2, 4, 7, and 14, and
1 + 2 + 4 + 7 + 14 = 28. In the 18th century, Euler showed
that the formula 2(𝑛−1) (2𝑛 − 1) produces all even
perfect numbers. Whether there exist any odd perfect
numbers remains a question, however. Some of the
conclusions drawn about odd perfect numbers, if they
do exist, are that an odd perfect number would not be
divisible by 105, it must have an odd number of divisors,
and would have to be of the form 12𝑚 + 1 or 36𝑚 +
9, and so on. However, after over two thousand years,
mathematicians have still not managed to pin down the
odd perfect number. Any other conclusion/observation
about odd perfect numbers?
15. A solid is defined as regular when each face, edge
and corner angle is identical, whether a square on every
side of a cube, or a triangle on every side of a
tetrahedron. There are only five regular solids,
according to Pythagoreans: the octahedron with 8 faces;
the dodecahedron with 12 faces; and the icosahedron
with 20 faces. According to the information
summarized in the following table, three-dimensional
regular solids can be identified. Let’s denote with
•
•
•
•

m the number of polygons meeting at a vertex,
n the number of vertices of each polygon,
f the number of faces of the polyhedron,
e the number of edges of the polyhedron, and
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• v the number of vertices of the polyhedron.
Show that for any pair of numbers n and m, the values
of the other parameters, f, e, and v are determined
uniquely.
Solid
Tetrahedron
Cube
Octahedron
Dodecahedron
Icosahedron

Face
equilateral
triangle
square
equilateral
triangle
pentagon
equilateral
triangle
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Number of faces (f)
4
6
8
12
20

